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Preface

This is a short introduction to the fundamentals of real analysis. Although the
prerequisites are few, I have written the text assuming the reader has the level
of mathematical maturity of one who has completed the standard sequence of
calculus courses, has had some exposure to the ideas of mathematical proof (in-
cluding induction), and has an acquaintance with such basic ideas as equivalence
relations and the elementary algebraic properties of the integers.
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Chapter 1

Fundamentals

1.1 Sets and relations

1.1.1 The integers

Kronecker once said, “God made the integers; all the rest is the work of man.”
Taking this as our starting point, we assume the existence of the set

Z={.,-3,-2,-1,01,23,...}, (1.1.1)

the set of integers. Moreover, we assume the properties of the operations of addi-
tion and multiplication of integers, along with other elementary properties such
as the Fundamental Theorem of Arithmetic, that is, the statement that every
integer may be factored into a product of prime numbers and this factorization
is essentially unique.

1.1.2 Sets

We will take a naive view of sets: given any property p, we may determine a
set by collecting together all objects which have property p. This may be done
either by explicit enumeration, such as, p is the property of being one of a, b,
or ¢, which creates the set {a,b,c}, or by stating the desired property, such as,
p is the property of being a positive integer, which creates the set

7T =1{1,2,3,4,...}. (1.1.2)

The notation x € A indicates that x is an element of the set A. Given sets
A and B, we say A is a subset of B, denoted A C B, if from the fact that + € A
it necessarily follows that © € B. We say sets A and B are equal if both A C B
and B C A.

Given two sets A and B, we call the set

AUB={z:z € Aorzec B} (1.1.3)

1



2 CHAPTER 1. FUNDAMENTALS

the union of A and B and the set
ANB={z:z € Aand z € B} (1.1.4)
the intersection of A and B. We call the set
A\B={x:2 € A,z ¢ B} (1.1.5)

the difference of A and B.
More generally, if I is a set and {A, : a € I} is a collection of sets, one for
each element of I, then we have the union

U Ay ={z 2z € A, for some a} (1.1.6)
acl
and the intersection
n Ay ={z: 2z € A, for all a}. (1.1.7)
ael

Example 1.1.1. For example, if I = {2,3,4,...} and we let
As={n:ne€Z" n>1n+2m for any m € Z* with m > 1}
and, for any i € I, i > 2,
A;={n:n € A;_1,n # mi for any m € Z* with m > 1},
then [, A; is the set of prime numbers.
If A and B are both sets, we call the set

Ax B={(a,b):a€ Abe B} (1.1.8)

the cartesian product of A and B. If A = B, we write
A? = Ax A (1.1.9)

Example 1.1.2. Z? = {(m,n) : m € Z,n € Z} is the set of all ordered pairs of

integers.

1.1.3 Relations

Given two sets A and B, we call a subset R of A x B a relation. Given a
relation R, we will write a ~g b, or simply a ~ b if R is clear from the context,
to indicate that (a,b) € R.

Example 1.1.3. We say that an integer m divides and integer n if n = mi for
some integer 7. If we let

R={(m,n):m € Z,n € Z,m divides n},

then R is a relation. For example, 3 ~g 12.
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Consider a set A and a relation R C A%. For purposes of conciseness, we
say simply that R is a relation on A. If R is such that a ~g a for every a € A,
we say R is reflexive; if R is such that b ~r a whenever a ~g b, we say R is
symmetric; if a ~g b and b ~ ¢ together imply a ~g ¢, we say R is transitive.
We call a relation which is reflexive, symmetric, and transitive an equivalence
relation.

Exercise 1.1.1. Show that the relation R on Z defined by m ~g n if m divides
n is reflexive and transitive, but not symmetric.

Exercise 1.1.2. Show that the relation R on Z defined by m ~g n if m —n is
even is an equivalence relation.

Given an equivalence relation R on a set A and an element x € A, we call
2] ={y:y€ Ay ~pz} (1.1.10)

the equivalence class of x.

Exercise 1.1.3. Given an equivalence relation R on a set A, show that
a. [z]N[y] # 0 if and only if z ~g y;

b. [z] =[y] if and only if x ~p y.

As a consequence of the previous exercise, the equivalence classes of an
equivalence relation on a set A constitute a partition of A (that is, A may be
written as the disjoint union of the equivalence classes).

Exercise 1.1.4. Find the equivalence classes for the equivalence relation in
Exercise 1.1.2.

1.2 Functions

If A and B are sets, we call a relation R C A x B a function with domain A
if for every a € A there exists one, and only one, b € B such that (a,b) € R.
We typically indicate such a relation with the notation f : A — B, and write
f(a) = b to indicate that (a,b) € R. We call the set of all b € B such that
f(a) = b for some a € A the range of f. With this notation, we often refer to
R as the graph of f.

We say f: A — B is one-to-one if for every b in the range of f there exists a
unique a € A such that f(a) = b. We say f is onto if for every b € B there exists
at least one a € A such that f(a) = b. For example, the function f : ZT — Z+
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defined by f(z) = 22 is one-to-one, but not onto, whereas the function f : Z — Z
defined by f(z) = z+ 1 is both one-to-one and onto.

Given two functions, g : A — B and f : B — C, we define the composition,
denoted fog: A — C, to be the function defined by f o g(a) = f(g(a)).

If f: A — B is both one-to-one and onto, then we may define a function
f~': B — A by requiring f~!(b) = a if and only if f(a) = b. Note that this
implies that fo f~'(b) =bforallb€ B and f~'o f(a) =a for all a € A. We
call f=! the inverse of f.

Given any collection of nonempty sets, {4, }, o € I, we assume the existence
of a function ¢ : I — B, B = J,; Aa, with the property that ¢(a) € A,. We
call such a function a choice function. The assumption that choice functions
always exist is known as the Aziom of Choice.

1.3 Rational numbers

Let P = {(p,q) : p,q € Z,q # 0}. We define an equivalence relation on P by
saying (p,q) ~ (s,t) if pt = g¢s.

Exercise 1.3.1. Show that the relation as just defined is indeed an equivalence
relation.

We will denote the equivalence class of (p,q) € P by p/q, or %. We call the
set of all equivalence classes of P the rational numbers, which we denote by Q.
If p € Z, we will denote the equivalence class of (p, 1) by p; that is, we let

=P (1.3.1)

In this way, we may think of Z as a subset of Q.

1.3.1 Field properties

We wish to define operations of addition and multiplication on elements of Q.
We begin by defining operations on the elements of P. Namely, given (p, q) € P
and (s,t) € P, define
(p:q) @ (s,t) = (pt + sq, ) (1.3.2)
and
(P, q) @ (s,1) = (ps, qt). (1.3.3)
Now suppose (p,q) ~ (a,b) and (s,t) ~ (¢,d). It follows that (p,q) ® (s,t) ~
(a,b) ® (¢, d), that is, (pt + sq, qt) ~ (ad + b, bd), since
(pt + sq)bd = pbtd + sdqb = qatd + tcgb = (ad + cb)qt. (1.3.4)
Moreover, (p,q) ® (s,t) ~ (a,b) ® (¢,d), that is, (ps, qt) ~ (ac, bd), since

psbd = pbsd = qatc = qtac. (1.3.5)
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This shows that the equivalence class of a sum or product depends only on the
equivalence classes of the elements being added or multiplied. Thus we may
define addition and multiplication on Q by

t
b s _pttsg (1.3.6)

qg t qt

and s s
bs_p (1.3.7)

qg t qt

and the results will not depend on which representatives we choose for each
equivalence class. Of course, multiplication is often denoted using juxtaposition,
that is,
bya_Ps (1.3.8)
qg t qt
and repeated multiplication may be denoted by exponentiation, that is, a™,
a € Q and n € Z™, represents the product of a with itself n times.
Note that if (p,q) € P, then (—p,q) ~ (p,—q). Hence, if a = % € Q, then
we let
P (1.3.9)
q —q
For any a,b € Q, we will write @ — b to denote a + (—b).
If a = % € Q with p # 0, then we let

-1 q
a == 1.3.10
» ( )
Moreover, we will write
1 -1
= , 1.3.11
~=a (13.11)
1
—=a " 1.3.12
o =a (1.3.12)
for any n € ZT, and, for any b € Q,
b
= =ba"t. 1.3.13
® =~ (13.13)

It is now easy to show that
1. a+b=b+aforallabe@Q
2. (a+b)+c=a+ (b+c) forall a,b,ceQ;

i

ab = ba for all a,b € Q;
(ab)e = a(be) for all a,b,c € Q;

=

a(b+ ¢) = ab+ ac for all a,b,c € Q;
6. a+0=aforall a € Q
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7. a4+ (—a)=0for all a € Q;

8. la=a for all a € Q;

9. ifacQ, a##0,then aa™! = 1.

Taken together, these statements imply that Q is a field.

1.3.2 Order and metric properties

We say a rational number a is positive if there exist p,q € Z* such that a = E.
We denote the set of all positive elements of Q by Q7.

Given a,b € Q, we say a is less than b, or, equivalently, b is greater than a,
denoted either by a < b or b > a, if b — a is positive. In particular, a > 0 if
and only if a is positive. If a < 0, we say a is negative. We write a < b, or,
equivalently, b > a, if either a < b or a = b.

Exercise 1.3.2. Show that for any a € Q, one and only one of the following
must hold: (a) @ <0, (b) a=0, (c) a > 0.

Exercise 1.3.3. Show that if a,b € Qt, then a4+ b€ Q™.
Exercise 1.3.4. Suppose a,b,c € Q. Show each of the following:
a. One, and only one, of the following must hold:
(i) a<b,

(ii) a =1,

(iii)) a >b.
b. Ifa<bandb<c, then a < c.
c. Ifa<b, thena+c<b+ec.
d. Ifa>0andb> 0, then ab > 0.
Exercise 1.3.5. Show that if a,b € Q with a > 0 and b < 0, then ab < 0.

Exercise 1.3.6. Show that if a,b,c € Q with a < b, then ac < bc if ¢ > 0 and
ac > be if ¢ < 0.

Exercise 1.3.7. Show that if a,b € Q with a < b, then
a+b

a < < b.

As a consequence of Exercise 1.3.4 we say Q is an ordered field.
For any a € Q, we call

if a >0
|al :{ G a= (1.3.14)
—a, ifa<0,

the absolute value of a.
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Exercise 1.3.8. Show that for any a € Q, —|a| < a < a.

Proposition 1.3.1. For any a,b € Q, |a +b| < |a| + |b].
Proof. If a + b > 0, then
la| + 16| = |a 4+ b| = |a| + |b] —a — b= (|a| — a) + (]b] — b). (1.3.15)

Both of the terms on the right are nonnegative by Exercise 1.3.8. Hence the
sum is nonnegative and the proposition follows. If a + b < 0, then

la| + |b] — |a+ 0] = |a] + 0] + a + b = (Ja| + a) + (|b] + b). (1.3.16)

Again, both of the terms on the right are nonnegative by Exercise 1.3.8. Hence
the sum is nonnegative and the theorem follows. Q.E.D.

It is now easy to show that the absolute value satisfies
1. |a—>5l >0 forall a,b € Q, with |a — b| =0 if and only if a = b,
2. la—0bl=1|b—alforallabeQ,
3. Jla—b<la—c|+|c—Db| for all a,b,c € Q.

Note that the last statement, known as the triangle inequality, follows from
writing

a—b=(a—c)+ (c—Db) (1.3.17)

and applying the previous proposition. These properties show that the function
d(a,b) = |a — b (1.3.18)

is a metric, and we will call |a — b| the distance from a to b.
Suppose a,b € QT with a < b and let p,q,r,s € Z* such that a = g and
b= L. For any n € Z", we have

p T nps—rq
noa—b=n-—--=———.

1.3.19
. s " (1.3.19)

If we choose n large enough so that nps — rq > 0, it follows that na — b > 0,
that is, na > b. We say that the ordered field Q is archimedean. Note that it
also follows that we may choose n large enough to ensure that % < a.
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1.3.3 Upper and lower bounds

Definition 1.3.1. Let A C Q. If s € Q is such that s > a for every a € A, then
we call s an upper bound for A. If s is an upper bound for A with the property
that s < ¢ whenever ¢ is an upper bound for A, then we call s the supremum,
or least upper bound, of A, denoted s = sup A. Similarly, if r € Q is such that
r < a for every a € A, then we call r a lower bound for A. If r is a lower bound
for A with the property that » > ¢t whenever t is a lower bound for A, then we
call r the infimum, or greatest lower bound, of A, denoted r = inf A.

Exercise 1.3.9. Show that the supremum of a set A C Q, if it exists, is unique,
and thus justify the use of the definite article in the previous definition.

A set which does not have an upper bound will not, a fortiori, have a supre-
mum. Moreover, even sets which have upper bounds need not have a supremum.

Example 1.3.1. Q does not have an upper bound.

Example 1.3.2. Consider the set
A={a:ae€ Q" a® <2}
Note that if a,b € QT with a < b, then
b —a*>=(b—a)b+a)>0,

from which it follows that a?> < b2. Hence if ¢ € Q1 with a? > 2, then a is an
upper bound for A. For example, 4 is an upper bound for A.

Now suppose s € Q7 is the supremum of A. We must have either s? < 2,
s2>2, or s2 =2.

Suppose s? < 2 and let € = 2 — s2. By the archimedean property of Q, we
may choose n € ZT such that

2541
n

< €,

from which it follows that

25 1  2s+1 2541
45 =""nc<
n n n n

<€

Hence

1\2 2 1
<3+> 282+j+7<52+e:2,
n n n

which implies that s + % € A. Since s < s+ %, this contradicts the assumption
that s is an upper bound for A.
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So now suppose s2 > 2. Again let n € ZT and note that

( 1)2 , 25 1
s§——) =8 ——+ —.
n n n

If we let € = 52 — 2, then we may choose n € Z* so that

2s
— < €.
n

It follows that )
1 1 1
s——) >8P —e+ =2+ — >2.
n n? n?

Thus s — % is an upper bound for A and s — % < s, contradicting the assumption
that s = sup A.

Thus we must have s2 = 2. However, this is impossible in light of the follow-
ing proposition. Hence we must conclude that A does not have a supremum.

Proposition 1.3.2. There does not exist a rational number s with the property
that s2 = 2.

Proof. Suppose there exists s € Q such that s> = 2. Choose a,b € Z* so that a
and b are relatively prime (that is, they have no factor other than 1 in common)

and s = §. Then

Cl2

b2
so a> = 2b%. Thus a2, and hence a, is an even integer. So there exists ¢ € Z+
such that a = 2c. Hence

=2

9

2% = a® = 4¢?,

from which it follows that b> = 2¢, and so b is also an even integer. But this
contradicts the assumption that a and b are relatively prime. Q.E.D.

Exercise 1.3.10. Show that there does not exist a rational number s with the
property that s? = 3.

Exercise 1.3.11. Show that there does not exist a rational number s with the
property that s2 = 6.

Exercise 1.3.12. Let A= {a:a € Q,a® < 2}.
1. Show that if a € A and b < a, then b € A.

2. Show that if a ¢ A, and b > a, then b ¢ A.
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1.3.4 Sequences

Definition 1.3.2. Supposen € Z, I = {n,n+1,n+2,...}, and A is a set. We
call a function ¢ : I — A a sequence with values in A.

Frequently, we will define a sequence ¢ by specifying its values with notation
such as, for example, {p(i)}ics, or {©(i)}32,,. Thus, for example, {i2}2; de-
notes the sequence ¢ : Z+ — Z defined by (i) = i2. Moreover, it is customary
to denote the values of a sequence using subscript notation. Thus if a; = ¢(i),
i € I, then {a;};cr denotes the sequence ¢. For example, we may define the

sequence of the previous example by writing a; = i%,7=1,2,3,....

Definition 1.3.3. Suppose {a;};cr is a sequence with values in Q. We say that
{a;}icr converges, and has limit L, L € Q, if for every ¢ € Q%, there exists
N € Z such that

|a; — L] < € whenever i > N. (1.3.20)

If the sequence {a;};cr converges to L, we write

lim a; = L. (1.3.21)
Example 1.3.3. We have
1
1—00 1

since, for any rational number € > 0,

f—O = —-<E€
1 1

1 ‘ 1
for any ¢ > N, where N is any integer larger than %

Definition 1.3.4. Suppose {a;}icr is a sequence with values in Q. We call
{a;}icr a Cauchy sequence if for every € € QT, there exists N € Z such that

|a; — ag| < € whenever both ¢ > N and k& > N. (1.3.22)

Proposition 1.3.3. If {a;};cr converges, then {a;};cs is a Cauchy sequence.

Proof. Suppose lim a; = L. Given ¢ € Q*, choose an integer N such that
11— 00

la; — L| < % (1.3.23)

for all ¢ > N. Then for any ¢,k > N, we have
€

;= (1324)

€
lai —ax| = |(a; = L) + (L — ar)| < la; — L] +lax — L] < 5 +

Hence {a;};er is a Cauchy sequence. Q.E.D.

The proposition shows that every convergent sequence in Q is a Cauchy
sequence, but, as the next example shows, the converse does not hold.
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Example 1.3.4. Let
f) =22

and consider the sequence constructed as follows: Begin by setting a; = 1,
by =2, and z1 = % If f(a1)f(z1) <0, set

a1 + a1
To = 2 )
as = a1, and by = x1; otherwise, set
xr1 + bl
=Ty

as = x1, and by = by. In general, given a,, x,, and by, if f(a,)f(z,) <0, set

Ay + Ty,
Tny1 = 5
Gn+1 = Gp, and b,y = x,; otherwise, set

Ty + by,
2 b

Tp+1 =

ap+1 = Tp, and b,41 = b,. Note that for any positive integer N, f(an) < 0,
f(bn) >0, and
any < x; < by

for all ¢ > N. Moreover,

1
by —an| = oN-1’
SO
1
|.’EZ‘ —xk| < 2]\/7_1

for all 4,k > N. Hence given any € € Q7, if we choose an integer N such that
oN—1 > %, then

1
|xika|<2N7_1<e

for all 4,k > N, showing that {z;}$2; is a Cauchy sequence. Now suppose
{z;}52, converges to s € Q. Note that we must have

a; <s<b;

for all i € Z*. If f(s) < 0, then, since the set {a : a € QT,a? < 2} does not
have a supremum, there exists ¢ € Q* such that s < ¢ and f(t) < 0. If we

choose N so that )

W < t*S,
then

1
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Hence by < t, which implies that f(by) < 0, contradicting the construction
of {b;}5°,. Hence we must have f(s) > 0. But if f(s) > 0, then there exists
t € QT such that t < s and f(t) > 0. We can then choose N so that t < ay,
implying that f(ay) > 0, contradicting the construction of {a;}32,. Hence we
must have f(s) = 0, which is not possible since s € Q. Thus we must conclude
that {z;}$2,; does not converge.

1.4 Real Numbers

Let C be the set of all Cauchy sequences of rational numbers. We define a
relation on C' as follows: If {a;}icr and {b;};c; are Cauchy sequences in Q,
then {a;}ier ~ {b;};es, which we will write more simply as a; ~ b;, if for every
rational number € > 0, there exists an integer NV such that

‘(li — bz| <€ (1.4.1)

whenever ¢ > N. This relation is clearly reflexive and symmetric. To show
that it is also transitive, and hence an equivalence relation, suppose a; ~ b; and
b; ~ ¢;. Given € € Q%, choose N so that

la; — b;| < = (1.4.2)
2
for all i > N and M so that .
|b; — ci] < 3 (1.4.3)
for all ¢ > M. Let L be the larger of N and M. Then, for all : > L,
|ai—ci\§\ai—bi|+|bi—ci|<§+%:e. (1.4.4)

Hence a; ~ ¢;.

Definition 1.4.1. Using the equivalence relation just defined, we call the set
of equivalence classes of C' the real numbers, denoted R.

Note that if ¢ € Q, we may identify a with the equivalence class of the
sequence {b;}32,; where b; = a, i = 1,2,3,..., and thus consider Q to be a
subset of R.

Exercise 1.4.1. Suppose {a;}ic; and {b; };cs are sequences in Q with

lim a; = lim b;.
—00 i—00

Show that a; ~ b;.
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1.4.1 Field properties

Suppose {a;}ier and {b;};e; are both Cauchy sequences of rational numbers.
Let K = I'NJ and define a new sequence {si}recx by setting s, = aj + bg.
Given any rational € > 0, choose integers N and M such that

€

\ai — (lj| < 5 (145)
for all 4,5 > N and
|b2 — bj| < % (146)

for all 4,5 > M. If L is the larger of N and M, then, for all 4,5 > L,
5t = 511 = l(as = a) + (b = by)| < las —asl + [bs —bj| < 5+ 5 = ¢, (14.7)

showing that {s;}rex is also a Cauchy sequence. Moreover, suppose a; ~ ¢;
and b; ~ d;. Given € € QT, choose N so that

\ai — Ci| < % (148)
for all # > N and choose M so that
b — di| < g (1.4.9)

for all 4 > M. If L is the larger of N and M, then, for all ¢ > L,
€
2
Hence a; + b; ~ ¢; + d;. Thus if u,v € R, with u being the equivalence class of
{a;}icr and v being the equivalence class of {b;};cs, then we may unambigu-
ously define u + v to be the equivalence class of {a; + b; }icx, where K = INJ.

Suppose {a; }ier and {b;} ;e are both Cauchy sequences of rational numbers.
Let K = INJ and define a new sequence {p}recx by setting pr = arby. Let
B > 0 be an upper bound for the set {|a;|: ¢ € I} U{|bj| : j € J}. Given € > 0,
choose integers N and M such that

(54 b:) = (e +di)| < lai — i + b —di| < 5 +5 = €. (1.4.10)

la; — a;] < % (1.4.11)
for all 7,5 > N and
|bl — b]| < % (1.4.12)

for all 4,5 > M. If L is the larger of N and M, then, for all 7,5 > L,
lpi — pjl = laib; — a;b;|
= |a;b; — a;jb; + ajb; — a;b;]|
= |bi(ai — a;j) + a;(b; — b;]
< |bi(a; — a;)| + [a;(bi — bj)|
= |billai — a;] + |a;||b; — bj]

€ €
B-S +BS
<P 1738

=e. (1.4.13)
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Hence {pi }rex is a Cauchy sequence.
Now suppose {c;}icm and {d;}icq are Cauchy sequences with a; ~ ¢; and
b; ~ d;. Let B > 0 be an upper bound for the set {|b;| : j € J}U{|c;| 1 i € H}.
Given € > 0, choose integers N and M such that
€

for all i > N and .
2B
for all i > M. If L is the larger of N and M, then, for all i > L,

b; — d;| < (1.4.15)

|lasb; — cids| = [aib; — bic; + bic; — cid;]
= |b,(az — Ci) + Ci(bi - dl|
< |bi(as — ci)| + |ci(bs — dy)]
= |billa; — eif + |eil[bi — di
€ €
B— + B—
<S55t P

Hence a;b; ~ ¢;d;. Thus if u,v € R, with u being the equivalence class of {a; }icr
and v being the equivalence class of {b;};cs, then we may unambiguously define
uv to be the equivalence class of {a;b; }icx, where K =1NJ.

If u € R, we define —u = (—1)u. Note that if {a;};cr is a Cauchy sequence
of rational numbers in the equivalence class of u, then {—a;};cr is a Cauchy
sequence in the equivalence class of —u.

We will say that a sequence {a;}iecr is bounded away from 0 if there exists
a rational number § > 0 and an integer N such that |a;| > ¢ for all ¢ > N. Tt
should be clear that any sequence which converges to 0 is not bounded away
from 0. Moreover, as a consequence of the next exercise, any Cauchy sequence
which does not converge to 0 must be bounded away from 0.

Exercise 1.4.2. Suppose {a;}ics is a Cauchy sequence which is not bounded
away from 0. Show that the sequence converges and lim a; = 0.

12— 00
Exercise 1.4.3. Suppose {a; }ics is a Cauchy sequence which is bounded away
from 0 and a; ~ b;. Show that {b;},cs is also bounded away from 0.

Now suppose {a;}ier is a Cauchy sequence which is bounded away from 0
and choose ¢ > 0 and N so that |a;| > § for all 4 > N. Define a new sequence

{ei} nyyq by setting

1
c=—,i=N+1,N+2,.... (1.4.17)

a;
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Given € > 0, choose M so that
la; — a;| < €6 (1.4.18)

for all 4,5 > M. Let L be the larger of N and M. Then, for all 4,5 > L, we
have

1 1
jei =i = |— — —
a; Q.
- a; — a;
h a;Q;
_ laj —ail
|a;a;]|
€62
< 572

Hence {c;}2 v, is a Cauchy sequence.

Now suppose {b;},es is a Cauchy sequence with a; ~ b;. By Exercise 1.4.3
we know that {b;};cs is also bounded away from 0, so choose v > 0 and K such
that |bj| >« for all j > K. Given € > 0, choose P so that

la; — b;| < €d. (1.4.20)

for all 4 > P. Let S be the larger of N, K, and P. Then, for all i,5 > S, we
have

1 1 bz — a;
aj - 57 B a;b;
_ b —ai
 aibi]
€y
by
_ (1.4.21)

Hence ai ~ %. Thus if u # 0 is a real number which is the equivalence class of

{a;}Yier (necessarily bounded away from 0), then we may define

a”t == (1.4.22)

1 oo
{} , (1.4.23)
i ) i=N+1

where N has been chosen so that |a;| > ¢ for all ¢ > N and some § > 0.
It follows immediately from these definitions that R is a field. That is:

to be the equivalence class of
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1. a+b=0b+aforallabeR;
(a+b)+c=a+(b+c) forall a,b,ceR;
ab = ba for all a,b € R;

(ab)c = a(be) for all a,b, c € R;

2
3
4
5. a(b+c¢) =ab+ ac for all a,b,c € R;
6. a+0=aforallaclR;

7. a+(—a)=0for all a € R;

8. la =a for all a € R;

9

ifa €R, a#0, then aa! = 1.

1.4.2 Order and metric properties

Definition 1.4.2. Given u € R, we say that u is positive, written u > 0, if u
is the equivalence class of a Cauchy sequence {a;};c; for which there exists a
rational number € > 0 and an integer N such that a; > € for every ¢ > N. A
real number u € R is said to be negative if —u > 0. We let RT denote the set
of all positive real numbers.

Exercise 1.4.4. Show that if u € R, then one and only one of the following is
true: (a) u >0, (b) u <0, or (c) u=0.

Exercise 1.4.5. Show that if a,b € RT, then a + b € RT.

Definition 1.4.3. Given real numbers u and v, we say w is greater than v,
written v > v, or, equivalently, v is less than u, written, v < u, if u—v > 0. We
write u > v, or, equivalently, v < u, to indicate that w is either greater than or
equal to v. We say that u is nonnegative if u > 0.

Exercise 1.4.6. Show that R is an ordered field, that is, verify the following:

a. For any a,b € R, one and only one of the following must hold: (i) a < b, (ii)
a="b, (iii) a > b.

b. Ifa,b,c € R with a < b and b < ¢, then a < c.

c. Ifa,bceRwitha<b, thena+c<b+ec.

d. Ifa,be R witha>0andb >0, then ab > 0.

Exercise 1.4.7. Show that if a,b € R with a > 0 and b < 0, then ab < 0.
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Exercise 1.4.8. Show that if a,b,c € R with a < b, then ac < bc if ¢ > 0 and
ac > beif ¢ < 0.

Exercise 1.4.9. Show that if a,b € R with a < b, then for any real number A
with0 <A <1l,a<Ada+ (1—-XNb<b.

Definition 1.4.4. For any a € R, we call

if a >
jaj =4 @=0 (1.4.24)
—a, ifa<0,

the absolute value of a.

Exercise 1.4.10. Show that for any a € R, —|a|] < a < |al.

Proposition 1.4.1. For any a,b € R, |a + b| < |a| + |b].
Proof. If a+b > 0, then
la| + |b| — |a+b] = |a| + |b| —a — b= (|la] —a) + (|b]| — D). (1.4.25)

Both of the terms on the right are nonnegative by Exercise 1.4.10. Hence the
sum is nonnegative and the proposition follows. If a + b < 0, then

la| +1b] — |a+b] = |a| + |b| + a + b= (Ja] + a) + (|b] + b). (1.4.26)

Again, both of the terms on the right are nonnegative by Exercise 1.4.10. Hence
the sum is nonnegative and the proposition follows. Q.E.D.

It is now easy to show that the absolute value function satisfies
1. la—b| >0 for all a,b € R, with |a — b] = 0 if and only if a = b,
2. la—0b|=|b—al for all a,b € R,
3. la—=b| <|a—c|+|c—b| for all a,b,c € R.
These properties show that the function
d(a,b) = |a — b (1.4.27)
is a metric, and we will call |a — b| the distance from a to b.

Proposition 1.4.2. Given a € RT, there exist r,s € Qsuch that 0 <r < a < s.
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Proof. Let {u};cr be a Cauchy sequence in the equivalence class of a. Since
a > 0, there exists a rational ¢ > 0 and an integer N such that u; > € for all
i > N. Let r = 5. Then u; —r > § for every i > N, so a —r > 0, that is,
O0<r<a.
Now choose an integer M so that |u; — u;| < 1 for all 4,5 > M. Let
s =upr4+1 + 2. Then
S—u; =up41+2—u; >1 (1.4.28)

for all i > M. Hence s > a. Q.E.D.
Proposition 1.4.3. R is an archimedean ordered field.

Proof. Given real numbers a and b with 0 < a < b, let r and s be rational
numbers for which 0 < r < a < b < s. Since Q is a an archimedean field, there
exists an integer n such that nr > s. Hence

na > nr > s > b. (1.4.29)
Q.E.D.

Proposition 1.4.4. Given a,b € R with a < b, there exists 7 € Q such that
a<r<hb.

Proof. Let {u};c; be a Cauchy sequence in the equivalence class of a and let
{v};jes be in the equivalence class of b. Since b — a > 0, there exists a rational
e > 0 and an integer N such that v; — u; > € for all ¢ > N. Now choose an
integer M so that |u; —u;| < § for all 4,5 > M. Let r = upr41 + 5. Then

€
T_Ui:U]LI+1+§_Ui

€
=5 (wi —upry1)
_f €
2 4
€
= - 1.4.30
; (1.430)
for all 2 > M and
€
Uz‘*T:Uz‘*UM-H*i
€
:(Ui_ui)_(uM+1—Ui)—§
L. €€
VI
=< (1.4.31)
1 4.

for all 7 larger than the larger of N and M. Hence a < r < b. Q.E.D.
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1.4.3 Upper and lower bounds

Definition 1.4.5. Let A C R. If s € R is such that s > a for every a € A, then
we call s an upper bound for A. If s is an upper bound for A with the property
that s <t whenever ¢ is an upper bound for A, then we call s the supremum,
or least upper bound, of A, denoted s = sup A. Similarly, if » € R is such that
r < a for every a € A, then we call r a lower bound for A. If r is a lower bound
for A with the property that » > ¢ whenever t is a lower bound for A, then we
call r the infimum, or greatest lower bound, of A, denoted r = inf A.

Theorem 1.4.5. Suppose A C R, A # (), has an upper bound. Then sup A
exists.

Proof. Let a € A and let b be an upper bound for A. Define sequences {a;}2,
and {b;}5°, as follows: Let a; = a and by = b. For i > 1, let

Gi—1 +bi—1
—

If ¢ is an upper bound for A, let a; = a;_1 and let b; = ¢; otherwise, let a; = ¢
and bz = bi—l- Then

(1.4.32)

b—al

|bz — ai| = 9i—1 (1433)
fori=1,2,3,.... Now, for: =1,2,3,..., let ; be a rational number such that
a; < 1; < b;. Given any € > 0, we may choose N so that

b—
on o b=al (1.4.34)
€
Then, whenever ¢ > N and 5 > N,
|b—al
‘7"1‘ — ’I“j| < ‘bN+1 — aN+1‘ = 27]\[ < €. (1435)

Hence {r;}$2, is a Cauchy sequence. Let s € R be the equivalence class of
{r;}52,. Note that, for i =1,2,3,..., a; < s < b;.

Now if s is not an upper bound for A, then there exists a € A with a > s.
Let § = a — s and choose an integer N such that

b —al

oN >
1)

. (1.4.36)

Then
b —al
oN

byy1 < s+ <s+d=a. (1.4.37)

But, by construction, by 41 is an upper bound for A. Thus s must be an upper
bound for A.

Now suppose ¢ is another upper bound for A and ¢t < s. Let § = s — ¢ and
choose an integer N such that

N Ib—a]

2 5

(1.4.38)
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Then

b—a
AN+41 = S — | 5N | >s5—0=t, (1.4.39)

which implies that ay 41 is an upper bound for A. But, by construction, an i1
is not an upper bound for A. Hence s must be the least upper bound for A,
that is, s = sup A. Q.E.D.

Exercise 1.4.11. Show that if A C R is nonempty and has a lower bound, then
inf A exists. (Hint: You may wish to first show that inf A = —sup(—A), where
—A={x:—xz € A}).




Chapter 2

Sequences and Series

2.1 Sequences

Definition 2.1.1. Let {a;};cr be a sequence of real numbers. We say {a;}icr
converges, and has limit L, if for every real number € > 0 there exists an integer
N such that

|a; — L| < € whenever i > N. (2.1.1)

We say a sequence {a; };c; which does not converge diverges.

Definition 2.1.2. We say a sequence {a; };cs is nondecreasing if a;11 > a; for
every ¢ € I and increasing if a;41 > a; for every i € I. We say a sequence
{a;}ier is nonincreasing if a;11 < a; for every i € I and decreasing if a;11 < a;
for every i € I.

Definition 2.1.3. We say a set A C R is bounded if there exists a real number
M such that |a| < M for every a € A. We say a sequence {a;};cr of real
numbers is bounded if there exists a real number M such that |a;| < M for all
i€l

Theorem 2.1.1. If {a; };cs is a nondecreasing, bounded sequence of real num-
bers, then {a;}ier converges.

Proof. Since {a;}ics is bounded, the set of A = {a; : ¢ € I'} has a supremum.
Let L = sup A. For any € > 0, there must exist N € I such that ay > L —¢ (or
else L — e would be an upper bound for A which is smaller than L). But then

L—e<any<aq;<L<L+e¢ (2.1.2)
for all i > N, that is,
la; — L| < e (2.1.3)
for all i > N. Thus {a;};cr converges and
L = lim a;. (2.1.4)
1— 00
Q.E.D.

21
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We conclude from the previous theorem that every nondecreasing sequence
of real numbers either has a limit or is not bounded, that is, is unbounded.

Exercise 2.1.1. Show that a nonincreasing, bounded sequence of real numbers
must converge.

Definition 2.1.4. Let {a;};cr be a sequence of real numbers. If for every real
number M there exists an integer N such that a; > M whenever ¢ > N, then
we say the sequence {a;};cr diverges to positive infinity, denoted by

lim a; = +o0. (2.1.5)

11— 00
Similarly, if for every real number M there exists an integer N such that a; < M
whenever i > N, then we say the sequence {a;};cr diverges to negative infinity,
denoted by

lim a; = —o0. (2.1.6)

11— 00

Exercise 2.1.2. Show that a nondecreasing sequence of real numbers either
converges or diverges to positive infinity.

Exercise 2.1.3. Show that a nonincreasing sequence of real numbers either
converges or diverges to negative infinity.

2.1.1 Extended real numbers

It is convenient to add the symbols +o0o and —oo to the real numbers R. Al-
though neither 400 nor —oo is a real number, we agree to the following opera-
tional conventions:

1. Given any real number r, —oo < r < 0.

2. For any real number r,

r+ (+00) =7 — (—00) =1+ 00 = +00, (2.1.7)
7+ (—00) =7 — (+00) =1 — 00 = —00, (2.1.8)
and r r
L S — ) (2.1.9)
—+00 —00
3. For any real number r > 0, r - (+00) = 400 and r - (—o0) = —00.

4. For any real number r < 0, 7 - (+00) = —oo and r - (—00) = +00.
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5. Ifa;=—-00,i=1,2,3,..., then lim a; = —oc.

11— 00

6. Ifa; =4o00,i=1,2,3,..., then lim a; = 4o0.
11— 00

Note that with the order relation defined in this manner, +oco is an upper
bound and —oo is a lower bound for any set A C R. Thus if A C R does not
have a finite upper bound, then sup A = +o0; similarly, if A C R does not have
a finite lower bound, then inf A = —occ.

When working with extended real numbers, we refer to the elements of R as
finite real numbers and the elements +0o and —oo as infinite real numbers.

Exercise 2.1.4. Do the extended real numbers form a field?

2.1.2 Limit superior and inferior

Definition 2.1.5. Let {a;};c; be a sequence of real numbers and, for each
i €1, let u; =supf{a; : j > i}. If u; = o0 for every i € I, we let

limsup a; = +00; (2.1.10)
otherwise, we let
limsup a; = inf{u; : i € I'}. (2.1.11)

In either case, we call limsup a,, the limit superior of the sequence {a;};c;r.

n—oo

Definition 2.1.6. Let {a;};c; be a sequence of real numbers and, for each
iel,let l; =inf{a; : j > i}. If [; = —oo for every i € I, we let

liminf a; = —o0; (2.1.12)
otherwise, we let
liminf a; = sup{l; : i € I'}. (2.1.13)

In either case, we call liminf a,, the limit inferior of the sequence {a;};er.

n—oo

Exercise 2.1.5. Given a sequence {a; };cr, define {u; }ier and {l;}icr as in the
previous two definitions. Show that

limsupa; = lim u; (2.1.14)
and
liminfa; = lim ;. (2.1.15)

11— 00 71— 00



24 CHAPTER 2. SEQUENCES AND SERIES

Exercise 2.1.6. Find limsup a; and liminf a; for the sequences {a;}$2, as de-

fined below.
a. a; = (—1)°
b. a; = )
c. a; =271

1
d. A; = —

7

The following proposition is often called the squeeze theorem.

Proposition 2.1.2. Suppose {a;}icr, {b;}jes, and {ci}rex are sequences of
real numbers for which there exists an integer N such that a; < ¢; < b; whenever
1> N. If

lim a; = lim b;, (2.1.16)
11— 00 1— 00
then
lim ¢; = lim a; = lim b;. (2.1.17)
71— 00 71— 00 71— 00

Proof. Let L = lim a; = lim b;. Suppose L is finite. Given € > 0, there exists
11— 00

11— 00

an integer M such that

la; — L| < % (2.1.18)
and .
|b; — L| < 3 (2.1.19)
whenever ¢ > M. Then
€ € 2
i — bl <la; — L L—b] <= - = — 2.1.20
Jas = bil < lai = LI+ 1L —bi| < S+ 5 = 2 (2.1.20)
whenever ¢ > M. Let K be the larger of N and M. Then
2¢ €
whenever ¢ > K. Thus lim ¢; = L. The result when L is infinite is a conse-
quence of the next two exercises. Q.E.D.

Exercise 2.1.7. Suppose {a;}icr and {ci }rex are sequences for which there ex-
ists an integer N such that a; < ¢; whenever ¢ > N. Show that if lim a; = +o0,
11— 00

then lim ¢; = +00.
71— 00

Exercise 2.1.8. Suppose {b;}jecs and {ci}rex are sequences for which there
exists an integer N such that ¢; < b; whenever ¢ > N. Show that if lim b; = —o0,

1— 00
then lim ¢; = —o0.

11— 00
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Exercise 2.1.9. Suppose {a;}icr and {b;};c; are sequences of real numbers
with a; < b; for all ¢ larger than some integer N. Assuming both sequences
converge, show that

lim a; < lim b;. (2.1.22)

11— 00 71— 00

Exercise 2.1.10. Show that for any sequence {a;}icr,

liminf a; < limsup a;. (2.1.23)

11— 00 1—00

Proposition 2.1.3. Suppose {a;}ics is a sequence for which

lim sup a; = liminf a;. (2.1.24)
1—00 100
Then
lim a; = limsupa; = liminf a;. (2.1.25)
i—00 i—00 i—00

Proof. Let u; = sup{ay : k > i} and I; = inf{ay : kK > i}. Then |; < a; < u;
for all 7 € I. Now

lim /; = liminf a; = limsupa; = lim wu;, (2.1.26)
i—00 i—00 i—00 1—00
so the result follows from the squeeze theorem. Q.E.D.

Exercise 2.1.11. Suppose u is a real number such that u > 0 and u < € for
any real number € > 0. Show that u = 0.

2.1.3 Completeness

Definition 2.1.7. Suppose {a;};cs is a sequence in R. We call {a;};cr a Cauchy
sequence if for every € > 0 there exists an integer N such that

la; —aj] <€ (2.1.27)
whenever both ¢ > N and j > N.

Theorem 2.1.4. Suppose {a;};ecr is a Cauchy sequence in R. Then {a;}ics
converges to a limit L € R.

Proof. Let u; = sup{ay : k > i} and l; = inf{ay : k > i}. Given any e > 0,
there exists N € Z such that |a; —a,;| < e for all 4,5 > N. Thus, for all i, > N,
a; < aj + €, and so

a; <inflaj+e:j>i}=1,+e€ (2.1.28)
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for all i > N. Since {l; }icr is a nondecreasing sequence,
a; <sup{l;+e:i €I} =liminfa; +e¢ (2.1.29)

for all 2 > N. Hence

u; = sup{ay : k > i} <liminfa; + € (2.1.30)
11— 00
for all ¢ > N. Thus
limsup a; = inf{u; : i € I} <liminfa; + €. (2.1.31)
i—00 i—00
Since liminf a; < limsup a;, it follows that
+—00 i—00
|limsup a; — liminf a;| <e. (2.1.32)
i—00 =00
Since this is true for every ¢ > 0, we have limsup a; = liminf a;, and so {a; }ics
i—00 100

converges by Proposition 2.1.3. Q.E.D.

As a consequence of the previous theorem, we say that R is a complete metric
space.

Exercise 2.1.12. Suppose A C R, A # 0, and s = sup A. Show that there
exists a sequence {a;}$2; with a; € A such that lim a; = s.

11— 00

Exercise 2.1.13. Given a real number = > 0, show that there exists a real
number s > 0 such that s% = z.

We let /x denote the number s in the previous exercise, the square root of

2.1.4 Some basic results about sequences

Proposition 2.1.5. Suppose {x;};cs is a convergent sequence in R, « is a real
number, and L = lim z;. Then the sequence {ax;};c; converges and

11— 00

lim ax; = al. (2.1.33)

11— 00

Proof. If o =0, then {aw;};cr clearly converges to 0. So assume « # 0. Given
€ > 0, choose an integer N such that

|-'17i — L| < — (2134)
|l
whenever ¢ > N. Then for any i > N we have
laz; — aL| = |a|jzi — L| < mﬁ =« (2.1.35)
«a
Thus lim az; = aL. Q.E.D.

11— 00
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Proposition 2.1.6. Suppose {z;}icr and {y; }ics are convergent sequences in
R with L = lim 2; and M = lim y;. Then the sequence {x; + y; };c; converges

11— 00 71— 00

and
lim (xi + yi) =L+ M. (2136)
11— 00

Exercise 2.1.14. Prove the previous proposition.

Proposition 2.1.7. Suppose {z;}icr and {y;}icr are convergent sequences in
R with L = lim x; and M = lim y;. Then the sequence {x;y;}ic; converges

17— 00 i—00

and
lim x;y; = LM. (2.1.37)

Exercise 2.1.15. Prove the previous proposition.

Proposition 2.1.8. Suppose {z;}iecr and {y; }ier are convergent sequences in
R with L = lim z;, M = lim y;, and y; # 0 for all i € I. If M # 0, then the

1— 00

i
sequence § — converges and
Yi)ier

lim = = =, (2.1.38)
Proof. Since M # 0 and M = lim y;, we may choose an integer IV such that

M
lyi| > % (2.1.39)
whenever ¢ > N. Let B be an upper bound for {|z;| : i € I} U {|y;| : i € I}.
Given any € > 0, we may choose an integer P such that

M2
|z — L| < 436 (2.1.40)
and
M2
lyi — M| < 4B€ (2.1.41)

whenever ¢ > P. Let K be the larger of N and P. Then, for any i > K, we
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have

;g  L| oM -yl
yi M| |yM]|
oM = w2y — YL
B |y M|
< [llM = yil + ysllxi — L|
B |yi M|

M?3e +BM2€

B

= (2.1.42)

Thus
lim — = —. (2.1.43)

Q.E.D.

1
Exercise 2.1.16. a. Show that lim — = 0.

n—oo N

b. Show that

lim — =0
n— oo n2

by (i) using the definition of limit directly and then (ii) using previous
results.

Exercise 2.1.17. Show that for any positive integer k,

3 6
5n% +3n—6 ot 33
im —— = lim —%———
n—oo 2n3 +2n? — 7 n—o0 2 7
24— ——
n o on

1 1
lim 54 3 lim —2—6 lim —

_ n—o n—oo N, n—oo N
B 1 1
lim 242 lim — —7 lim —
n—oo n—oo M, n—oo N,
~5+40+0
24040
5
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Exercise 2.1.18. Evaluate

3nb +8n3 — 6n
im ——mM——,
n—oo 8n° + 2n4 — 31

carefully showing each step.

Proposition 2.1.9. Suppose {z;};cs is a convergent sequence of nonnegative
real numbers with L = lim z;. Then the sequence {,/z;};cr converges and

12— 00

lim /z; = VL. (2.1.44)

1— 00

Proof. Let € > 0 be given. Suppose L > 0 and note that
lz; — L| = ‘\/a—\FLH\/EJr \fL’ (2.1.45)

implies that
|lzi — L|

’\/xj.,\/z‘ S ] (2.1.46)
]
for any ¢ € I. Choose an integer N such that
lz; — L| < V'Le (2.1.47)
whenever ¢ > N. Then, for any ¢ > N,
\ai - VI = Jm = VLe _ . (2.1.48)

<
vz +VL VL
Hence lim /z; = VL.

11— 00

If L =0, lim z; =0, so we may choose an integer N such that |z;| < €2 for

alli> N. Then
Iz < e (2.1.49)

whenever ¢ > N, so lim /x; = 0. Q.E.D.
11— 00

Exercise 2.1.19. Evaluate

. V3n2 41
lim ———,
n—oo  5n + 6

carefully showing each step.

Exercise 2.1.20. Given real numbers r > 0 and «, show that (a) ar < r if
O<a<land (b)r<arifa>1.
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Proposition 2.1.10. If x € R and |z| < 1, then

lim 2™ =0. (2.1.50)
Proof. We first assume « > 0. Then the sequence {#"}52; is nonincreasing and
bounded below by 0. Hence the sequence converges. Let L = lim z". Then

n—oo

L= lim 2" =2 lim 2" ! = 2L, (2.1.51)

n—oo n—oo

from which it follows that L(1 — ) = 0. Since 1 — 2 > 0, we must have L = 0.
The result for x < 0 follows from the next exercise. Q.E.D.

Exercise 2.1.21. Show that lim |a,| =0 if and only if lim a, = 0.
n—oo n—oo

2.1.5 Subsequences

Definition 2.1.8. Given a sequence {z;}52,, suppose {nj}72, is an increasing
sequence of integers with
m<ng<ng <ng<---. (2.1.52)

Then we call the sequence {z,, }3°, a subsequence of {x;}2, ..

Example 2.1.2. The sequence {zg}72, is a subsequence of the sequence

{z;}$2,. For example, {i}zl is a subsequence of {%}zl

oo
=m

converges with lim z; = L. Show that

71— 00
also converges and lim z,, = L.
k—o0

Exercise 2.1.22. Suppose {x;

o0
=m

every subsequence {z,, }32, of {z;}

Exercise 2.1.23. Suppose {z;}2, . diverges to +0o. Show that every subse-
quence {x,, }72, of {x;}52,, also diverges to +oc.

Exercise 2.1.24. Suppose {x;}$2,, diverges to —oo. Show that every subse-
quence {x,, }72, of {x;}52,, also diverges to —oo.

Definition 2.1.9. Given a sequence {z;}2,.,,

A which is the limit of a subsequence of {z;}$2,, a subsequential limit of {x;}

we call any extended real number
oo
i=m"

300

Example 2.1.3. —1 and 1 are both subsequential limits of {(—1)"}2,.
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Exercise 2.1.25. Suppose the sequence {z;}$2, is not bounded. Show that
either —oco or 400 is a subsequential limit of {x;}$2, ..

Proposition 2.1.11. Suppose A is the set of all subsequential limits of the
sequence {z;}5°,.. Then A # 0.

Proof. By the previous exercise, the proposition is true if {x;}$°,, is not
bounded. So suppose {z;}3°,, is bounded and choose real numbers a and b
such that a < z; < b for all i > m. Construct sequences {a;}$2; and {b;}32, as

follows: Let a; = a and by = b. For i > 1, let

a;i—1+bia
—

If there exists an integer N such that a;—1 < z; <cforall j > N, let a; = a;—1
and b; = c¢; otherwise, let a; = ¢ and b; = b;_1. Let ny = m and, for k =
2,3,4, ..., let ny be the smallest integer for which ny > ni_; and ay, < z,,, < by.
Then {z,, }?2, is a Cauchy sequence which is a subsequence of {z;}72,,. Thus
{@n, }72, converges and A # (). Q.E.D.

(2.1.53)

Exercise 2.1.26. Suppose A C R and B C R with a < b for every a € A and
b € B. Show that sup A < inf B.

Proposition 2.1.12. Let A be the set of subsequential limits of a sequence
{z:}22,,. Then
lim sup ; = sup A. (2.1.54)
1— 00
Proof. Let s =sup A and, for ¢ > m, u;, = sup{x; : j > i}. Now since z; < u;
for all j > i, it follows that A < u; for every A € A and i > m. Hence, from the
previous exercise, s < inf{ui 1> m} = limsup x;.

1—00
Now suppose s < limsupx;. Then there exists a real number ¢ such that
1—00
s <t < limsupx;. In particular, ¢ < u; for every ¢ > m. Let ny be the smallest

i—00
integer for which ny > m and z,, > t. For k = 2,3,4,..., let ni be the smallest
integer for which ng > ng_q and z,, > t. Then {z,, }?2, is a subsequence of
{z;}¢2,,, which has a subsequential limit A > ¢. Since A is also then a subsequen-

tial limit of {z;}22,., we have A € A and A > ¢ > s, contradicting s = sup A.
Hence we must have lim sup x; = sup A. Q.E.D.
1—00

Exercise 2.1.27. Let A be the set of subsequential limits of a sequence {z;}5°,,,.
Show that

liminf z; = inf A.
71— 00
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2.2 Infinite series

Definition 2.2.1. Given a sequence {a;}5°,, let {s,}52,. be the sequence
defined by
n
Sn =Y ai. (2.2.1)
i=m

We call the sequence {s,}22,, an infinite series. If {s,}22,, converges, we call

s= lim s, (2.2.2)

n—oo

the sum of the series. For any integer n > m, we call s, a partial sum of the
series.

We will use the notation
> a (2.2.3)

to denote either {s,}52 ., the infinite series, or s, the sum of the infinite series.

(o)
Of course, if {s,}22 . diverges, then we say Z a; diverges.

i=m

o0 o]
Exercise 2.2.1. Suppose Z a; converges and 3 € R. Show that Z Ba; also

i=m i=m
converges and
o0 o0
§ Pa; =3 E Q;.
i=m i=m

Exercise 2.2.2. Suppose both Z a; and Z b; converge. Show that Z (a; + b;)

i=m i=m i=m
converges and
oo oo oo
E (ai—l—bi): E a; + E b;.
i=m i=m i=m
o0
Exercise 2.2.3. Given an infinite series g a; and an integer k > m, show
i=m

o0 oo
that Z a; converges if and only if Z a; converges.

i=m i=k

oo
Proposition 2.2.1. Suppose Z a; converges. Then lim a, = 0.
n—oo

i=m



2.2. INFINITE SERIES 33

n

Proof. Let s, = E a; and s = lim s,. Since a, = s, — S;,_1, we have

‘ n— oo
=m
lim a, = lim (s, —sp—1) = lim s, — lim s, 1 =s—s=0. (2.2.4)
n— oo n— o0 n—00 n—oo
Q.E.D.
oo
Exercise 2.2.4. Let s = Z(—l)". Note that
i=0
oo o0
s=> (-1)"=1-> (-1)"=1-s,
n=0 n=0
from which it follows that s = % Is this correct?
Exercise 2.2.5. Show that for any real number = # 1,
n
) 1— anrl
— T _
T DR
=0
(Hint: Note that 2"t = s, 1 — s, =1 + 28, — 5p,.)
Proposition 2.2.2. For any real number x with |z| < 1,
o0 " 1
Z " = ) (2.2.5)
1—=x
n=0
n .
Proof. If s, = Z x', then, by the previous exercise,
i=0
1— anrl
= —. 2.2.6
Sn 1—= ( )
Hence
o0
1 —gnt! 1
Zx" = lim s, = lim i = . (2.2.7)
n—oco n—oo 1 —ux 1—x
n=0
Q.E.D.

2.2.1 Comparison tests

The following two propositions are together referred to as the comparison test.
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o0 o0
Proposition 2.2.3. Suppose Z a; and Z b; are infinite series for which there

i=m i=k
[e%S)

exists an integer N such that 0 < a; < b; whenever ¢ > N. If Z b; converges,
i=k

o0
then E a; converges.

i=m

oo
Proof. By Exercise 2.2.3 We need only show that Z a; converges. Let s, be
i=N

oo oo
the nth partial sum of Z a; and let t,, be the nth partial sum of Z b;. Now
i=N i=N

Sn4+1l — Sp = Gpy1 >0 (2.2.8)

for every n > N, so {s,,}7° 5 is a nondecreasing sequence. Moreover,

Sn <tn < Y b < +oo (2.2.9)
i=N

for every n > N. Thus {s,}22 y is a nondecreasing, bounded sequence, and so
converges. Q.E.D.

o0 (o]
Proposition 2.2.4. Suppose Z a; and Z b; are infinite series for which there

i=m i=k
oo
exists an integer NV such that 0 < a; < b; whenever ¢ > N. If Zai diverges,
i=k

then Z b; diverges.

i=m

o0
Proof. By Exercise 2.2.3 we need only show that Z b; diverges. Let s, be
i=N

o0 o0
the nth partial sum of Z a; and let t, be the nth partial sum of Z b;. Now
i=N i=N
{sn}>2 n is a nondecreasing sequence which diverges, and so we must have
lim s, = +o0. Thus given any real number M there exists an integer L such

n—oo

that
M < s, <t (2.2.10)

oo
whenever n > L. Hence lim ¢, = 400 and Z b; diverges. Q.E.D.
n—oo

i=m
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Example 2.2.1. Consider the infinite series

=1 1 1 1
e R e T
a2 4!

2 3
Now for n =1,2,3, ..., we have
1 1
0< 1S g
Since

n=1
converges, it follows that
=1
>
n=0
converges. Moreover,
2 3 1 ! =1 LI 3
<Zil< +22n—1 + 1
n=0 n=1 1 _
2
We let
=1
e = Z E
n=0

Proposition 2.2.5. ¢ ¢ Q.

Proof. Suppose e = % where p,q € ZT. Let

i=0

35

(2.2.11)

(2.2.12)

Then a € Z* since gle = (¢ — 1)!p and n! divides ¢! when n < ¢q. At the same
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1 1
e+ " <q+1><q+2><q+3>+”'>

AN

q+1

! (1+ + ! +>
q+1 q+2  (¢+2)(g+3)

1

i

1 1
+ + +---
qg+1  (¢+1)? )

1 1
_q+1z(q+1)"

n=0
1 1

B q+1 1— L

qg+1
_ 1! (2.2.13)

. 2.

Since this is impossible, we conclude that no such integers p and ¢ exist.
Q.E.D.

Definition 2.2.2. We call a real number which is not a rational number an
irrational number.

Example 2.2.2. We have seen that /2 and e are irrational numbers.

oo oo
Proposition 2.2.6. Suppose Z a; and Z b; are infinite series for which there

i=m i=k
exists an integer N and a real number M > 0 such that 0 < a; < Mb; whenever

oo o
1> N. If Z b; converges, then Z a; converges.

i=k i=m

o0 o0

Proof. Since ZM b; converges whenever Z b; does, the result follows from
i=k i=k

the comparison test. Q.E.D.

o0 o0
Exercise 2.2.6. Suppose Z a; diverges. Show that Z Ba; diverges for any
i=m i=m

real number 3 # 0.
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o0 o0
Proposition 2.2.7. Suppose Z a; and Z b; are infinite series for which there
i=m i=k

exists an integer N and a real number M > 0 such that 0 < a; < Mb; whenever

i > N. If Z a; diverges, then Y :°, b; diverges.

i=m

o0
Proof. By the comparison test, Z Mb; diverges. Hence, by the previous
i=m
(o)
exercise, Z b; also diverges. Q.E.D.
i=m
We call the results of the next two exercises, which are direct consequences
of the last two propositions, the limit comparison test.

Exercise 2.2.7. Suppose Z a; and Z b; are infinite series for which a; > 0
i=m z:o'gn
and b; > 0 for all 4 > m. Show that if Z b; converges and

i=m

lim = < 400, (2.2.14)

11— 00 '3

o0
then E a; converges.

1=m

(o ] o0
Exercise 2.2.8. Suppose Z a; and Z b; are infinite series for which a; > 0

i=m =m

and b; > 0 for all ¢ > m. Show that if Z a; diverges and

i=m

lim 2 < o0, (2.2.15)

11— 00 bZ

then Z b; diverges.

i=m

Exercise 2.2.9. Show that

n=1
converges.
Exercise 2.2.10. Show that
oo n
>
n!
n=0

converges for any real number x > 0.
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Exercise 2.2.11. Let S be the set of all finite sums of numbers in the set
{a1,as2,as,...}, where a; > 0 for i =1,2,3,.... That is

S = {Zai:JC{l,ZZ&,...,n} for somenEZ+}.

ieJ
o0
Show that Z a; converges if and only if sup S < oo, in which case
i=1

o0
Z a; =supS.
i=1

One consequence of the preceding exercise is that the sum of a sequence of
nonnegative numbers depends only on the numbers begin added, and not on
the order in which they are added. That is, if ¢ : ZT — Z* is one-to-one and

o0 oo
onto, E a; converges if and only if E a,(;) converges, and, in that case,
i=1 i=1

Z a; = Z ag,(i).
i=1 i=1



Chapter 3

Cardinality

3.1 Binary representations

Suppose {a, }22; is a sequence such that, for each n = 1,2,3,..., either a,, =0
or a, = 1 and, for any integer N, there exists an integer n > N such that
ap, = 0. Then

0<—=< 3.1.1
forn =1,2,3,..., so the infinite series
Yoo (3.1.2)
2TL
n=1
converges to some real number x by the comparison test. Moreover,
0<x<ii:1. (3.1.3)
B n=1 2

We call the sequence {a,, }22, the binary representation for x, and write

T = .a1020304. ... (3.1.4)

Exercise 3.1.1. Suppose {a,}22; and {b,}5 ; are both binary representations
for . Show that a,, = b, forn =1,2,3,....

Now suppose z € R with 0 < z < 1. Construct a sequence {a,}52; as
follows: If 0 < x < %, let a; = 0; otherwise, let a; = 1. Forn =1,2,3,..., let
n
a;

T Ly
=1

(3.1.5)

Sn

39
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and set a,41 =1 if

Sn + <z (3.1.6)

2n+1 —

and a,+1 = 0 otherwise.

Lemma 3.1.1. With the notation as above,
Sp ST < Sy + o (3.1.7)
forn=1,2,3,....

Proof. Since

1 (3.1.8)

it is clear that s;1 < x < 51+ % Sosupposen >1and s, 1 <z <S,_1+ 2,%1
If s)p1 + 2% < z, then a,, = 1 and

1 1 1 1 1
Sn:Sn_1+27S$<Sn_1+F:8n_1+27+27:8n+27. (319)

1

Frx<sp_1+ 5,

then a,, = 0 and

1 1
Sp = Sp—1 §x<sn_1+2—n =S,n+2—n. (3.1.10)

Q.E.D.

Proposition 3.1.2. With the notation as above,

e=3 o (3.1.11)
n=1

l\D‘3

Proof. Given € > 0, choose an integer N such that 2% < €. Then, for any
n > N, it follows from the lemma that

1 1
lsn, — 2| < on <N <€ (3.1.12)
Hence
. Qn
T = nlin;o Sp = on° (3.1.13)
n=1
Q.E.D.

Lemma 3.1.3. With the notation as above, given any integer N there exists
an integer n > N such that a,, = 0.
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Proof. Ifa, =1 forn=1,2,3,..., then

oo

1
=) g=1 (3.1.14)

n=1

contradicting the assumption that 0 < = < 1. Now suppose there exists an
integer N such that ay = 0 but a,, = 1 for every n > N. Then

oo (oo}
1 1 1
r =S8N + E 27281\/‘_14- E 27:SN_1+27N, (3115)
n=N+1 n=N+1

implying that ay = 1, and thus contradicting the assumption that ay = 0.
Q.E.D.

Combining the previous lemma with the previous proposition yields the fol-
lowing result.

Proposition 3.1.4. With the notation as above, x = .ajazasa4. ...

The next theorem now follows from Exercise 3.1.1 and the previous propo-
sition.

Theorem 3.1.5. Every real number 0 < z < 1 has a unique binary represen-
tation.

3.2 Countable and uncountable sets
Definition 3.2.1. A function ¢ : A — B is said to be a one-to-one correspon-
dence if ¢ is both one-to-one and onto.

Definition 3.2.2. We say sets A and B have the same cardinality if there exists
a one-to-one correspondence ¢ : A — B.

We denote the fact that A and B have the same cardinality by writing
Al = |B].

Exercise 3.2.1. Define a relation on sets by setting A ~ B if and only if
|A| = |B|. Show that this relation is an equivalence relation.

Definition 3.2.3. Let A be a set. If, for n € Z™, A has the cardinality of the
set {1,2,3,...,n}, we say A is finite and write |A| = n. If A has the cardinality
of Z*, we say A is countable and write |A| = No.

Example 3.2.1. If we define ¢ : ZT — Z by

n;17 if n is odd,
p(n) = " (3.2.1)
—5 if n is even,

then ¢ is a one-to-one correspondence. Thus |Z| = Ry.
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Exercise 3.2.2. Let A be the set of even integers. Show that |A] = V.
Exercise 3.2.3. Verify each of the following:
a. If Ais a nonempty subset of ZT, then A is either finite or countable.

b. If A is a nonempty subset of a countable set B, then A is either finite or
countable.

Proposition 3.2.1. Suppose A and B are countable sets. Then the set C' =
AU B is countable.

Proof. Suppose A and B are disjoint, that is, AN B = {). Let ¢ : ZT — A and
Y : ZT — B be one-to-one correspondences. Define 7 : ZT — C by

T(n) = {Z (25%), ifnis odd, (3.2.2)

(%) , if n is even.

Then 7 is a one-to-one correspondence, showing that C' is countable.
If A and B are not disjoint, then 7 is onto but not one-to-one. However, in
that case C has the cardinality of an infinite subset of Z*, and so is countable.
Q.E.D.

Definition 3.2.4. A nonempty set which is not finite is said to be infinite. An
infinite set which is not countable is said to be uncountable.

Exercise 3.2.4. Suppose A is uncountable and B C A is countable. Show that
A\ B is uncountable.

Proposition 3.2.2. Suppose A and B are countable. Then C' = A x B is
countable.

Proof. Let ¢ : Z+ — A and 1 : ZT — B be one-to-one correspondences. Let
a; = (i) and b; = v(i). Define 7 : Z* — C by letting

(1) = (a1, b1), (3.2.3)
7(2) = (a1, b2), (3.2.4)
7(3) = (a2, b1), (3.2.5)
7(4) = (a1,b3), (3.2.6)
7(5) = (az, b2), (3.2.7)
7(6) = (as, b1), (3.2.8)
7(7) = (a1, ba), (3.2.9)
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That is, form the infinite matrix with (a;,b;) in the ¢th row and jth column,
and then count the entries by reading down the diagonals from right to left.
Then 7 is a one-to-one correspondence and C' is countable. Q.E.D.

Proposition 3.2.3. Q is countable.

Proof. By the previous proposition, Z x Z is countable. Let
A={(p,q) :p,q €Z,q > 0,p and q relatively prime}. (3.2.11)

Then A is infinite and A C Z X Z, so A is countable. But clearly |Q| = | 4], so
Q is countable. Q.E.D.

Proposition 3.2.4. Suppose for each i € Z1, A; is countable. Then
B = U A; (3.2.12)
i=1

is countable.

Proof. Suppose the sets A;, i € ZT, are pairwise disjoint, that is, 4;NA; = 0 for
alli,j7 € Z*. For each i € Z*, let ¢; : Z+ — A; be a one-to-one correspondence.
Then v : ZT x Z* — B defined by

V(i j) = ¢i(j) (3.2.13)

is a one-to-one correspondence, and so |B| = |ZT x ZT| = N,.

If the sets A;, i € Z*, are not disjoint, then v is onto but not one-to-one.
But then there exists a subset P of ZT x Z* such that 1) : P — B is a one-to-one
correspondence. Since P is an infinite subset of a countable set, P is countable
and so |B| = No. Q.E.D.

If in the previous proposition we allow that, for each i € Z*, A; is either
finite or countable, then B = J;2, A; will be either finite or countable.
3.3 Power sets

Definition 3.3.1. Given a set A, we call the set of all subsets of A the power
set of A, which we denote P(A).

Example 3.3.1. If A ={1,2,3}, then

P(A) = {0, {1}, {2}, {3}, {1,2}, {1, 3}, {2, 3}, {1, 2,3}} .
Proposition 3.3.1. If A is finite with |A| = n, then |P(A)| = 2".
Proof. Let

Bz{(bl,bg,...,bn):bi:()or bi:17i21,2,...,7’l} (331)
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and let a1, as,...,a, be the elements of A. Define ¢ : B — P(A) by letting
(p(bl, b27 ey bn) = {ai : bz = 172 = ].7 27 ce ,TL}. (332)

Then ¢ is a one-to-one correspondence. The result now follows from the next
exercise. Q.E.D.

Exercise 3.3.1. With B as in the previous proposition, show that |B| = 2™.

In analogy with the case when A is finite, we let 2/4l = |P(A)| for any
nonempty set A.

Definition 3.3.2. Suppose A and B are sets for which there exists a one-to-
one function ¢ : A — B but there does not exist a one-to-one correspondence
¢ : A — B. Then we write |A| < |B].

Theorem 3.3.2. If A is a nonempty set, then |A| < |P(A)|.

Proof. Define ¢ : A — P(A) by ¢(a) = {a}. Then ¢ is one-to-one. Now
suppose 9 : A — P(A) is any one-to-one function. Let

C={a:a€ A a¢ )} (3.3.3)

Suppose there exists a € A such that ¢(a) = C. Then a € C if and only if
a ¢ C, an obvious contradiction. Thus C is not in the range of ¥, and so 1 is
not a one-to-one correspondence. Q.E.D.

Lemma 3.3.3. Let A be the set of all sequences {a;}$2; with a; =0 or a; =1
for each i = 1,2,3,.... Then |A| = |P(Z7)].

Proof. Define ¢ : A — P(Z*) by
o({a}2)={i:i€Z" a; =1}. (3.3.4)
Then ¢ is a one-to-one correspondence. Q.E.D.

Now let B be the set of all sequences {a;}5°, in A such that for every integer
N there exists an integer n > N such that a, = 0. Let C = A\ B,

Do={{a;}2, :a;=1,i=1,2,3,...}, (3.3.5)

and
Dj={{a;}2; :a; =0,a;, =1 for k > j} (3.3.6)

for j =1,2,3,.... Then |Dy| =1 and |D;| = 2771 for j = 1,2,3,.... Moreover,

c=Jb; (3.3.7)
j=0
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so C is countable. Since A = BUC, and A is uncountable, it follows that B is
uncountable. Now if we let

I={z:2eR0<x <1}, (3.3.8)
we have seen that the function ¢ : B — I defined by
v ({a;}52,) = .ar1az2asay . . . (3.3.9)

is a one-to-one correspondence. It follows that I is uncountable. As a conse-
quence, we have the following result.

Theorem 3.3.4. R is uncountable.

Exercise 3.3.2. Let I = {z: 2 € R,0 <z < 1}. Show that
a. [I|={zr:2eR,0<2 <1}
b. [Il={z:2€R,0<x <1}
c. Il=Nz:2eR,0<ax<2}
d. Il={z:zeR,-1<z <1}
Exercise 3.3.3. Let ] = {z : z € R,0 < z < 1} and suppose a and b are real
numbers with ¢ < b. Show that
I ={z:zeR,a <z <b}.

Exercise 3.3.4. Does there exist a set A C R for which 8y < |A] < 2%N0?
(Before working too long on this problem, you may wish to read about Cantor’s
continuum hypothesis.)
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Chapter 4

Topology of the Real Line

4.1 Intervals
Definition 4.1.1. Given any two extended real numbers a < b, we call the set
(a,b) ={z:z€R,a <z <b} (4.1.1)

an open interval. Given any two finite real numbers a < b, we call the sets

[a,b] ={z:z e R,a <z < b}, (4.1.2)

(—00,b] = {z: 2z e R,z < b}, (4.1.3)
and

[a,400) ={z:x € R,z > a} (4.1.4)

closed intervals. We call any set which is an open interval, a closed interval, or
is given by, for some finite real numbers a < b,

(a,b] ={z: 2 €eRa<z<b} (4.1.5)

or
[a,b) ={x:2x e R,a <z < b}, (4.1.6)

an interval.

Proposition 4.1.1. If a,b € R with a < b, then
(a,0) ={z:x=Xa+ (1= A)b,0 < A< 1}. (4.1.7)
Proof. Suppose x = Aa + (1 — A\)b for some 0 < A < 1. Then
b—x=XNo—Xda=Ab—a)>0, (4.1.8)
so x < b. Similarly,

r—a=A—-1a+(1-XNb=(1-X)(b—-a) >0, (4.1.9)

47
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so a < x. Hence z € (a,b).
Now suppose z € (a,b). Then

xz(?)_z)a—l—(z_;l) =(Z_Z)a+(1—z_z>b (4.1.10)

0<— <1, (4.1.11)
a

and

Q.E.D.

4.2 Open sets

Definition 4.2.1. We say a set U C R is open if for every x € U there exists
€ > 0 such that
(x—e,x+¢) CU. (4.2.1)

Proposition 4.2.1. Every open interval I is an open set.

Proof. Suppose I = (a,b), where a < b are extended real numbers. Given
x € I, let € be the smaller of z — a and b — z. Suppose y € (z —€,x +¢€). If
b = 400, then b > y; otherwise, we have

b—y>b—(x+e)=0b—-2)—e>(b—-—2)—(b—2x) =0, (4.2.2)
so b>y. If a = —oo, then a < y; otherwise,

y—a>@—€)—a=(x—a)—e>(x—a)—(x—a)=0, (4.2.3)
so a <y. Thus y € I and I is an open set. Q.E.D.

Note that R is an open set (it is, in fact, the open interval (—oo, +00)), as
is () (it satisfies the definition trivially).

Proposition 4.2.2. Suppose A4 is a set and, for each « € A, U, is an open set.
Then

U Ua (4.2.4)

acA

is an open set.

Proof. Let z € UaeA U,. Then z € U, for some o € A. Since U, is open,
there exists an € > 0 such that (z — ¢, + €) C U,. Thus

(x—e,x+e€) CU, C U U,. (4.2.5)
acA

Hence |J,c 4 U is open. Q.E.D.
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Proposition 4.2.3. Suppose Uy, Us,...,U, is a finite collection of open sets.
Then

(U (4.2.6)

is open.

Proof. Let z € ﬂ?zl U;. Then z € U; for every i = 1,2,...,n. For each 1,
choose ¢; > 0 such that (x—e;, x+¢;) C U;. Let € be the smallest of €1, €a,. .., €,.
Then € > 0 and

(x—¢x+e)C(x—¢,x+¢)CU; (4.2.7)

for every i = 1,2,...,n. Thus
(x—e,x4+€) C ﬂ U;. (4.2.8)
i=1

Hence ﬂ:;l U; is an open set. Q.E.D.

Along with the facts that R and () are both open sets, the last two proposi-
tions show that the collection of open subsets of R form a topology.

Definition 4.2.2. Let A C R. We say x € A is an interior point of A if there
exists an € > 0 such that (z —e, z+¢€) C A. We call the set of all interior points
of A the interior of A, denoted A°.

Exercise 4.2.1. Show that if A C R, then A° is open.
Exercise 4.2.2. Show that A is open if and only if A = A°.

Exercise 4.2.3. Let U C R be a nonempty open set. Show that supU ¢ U
and infU ¢ U.

4.3 Closed sets

Definition 4.3.1. We call a point z € R a limit point of a set A C R if for
every € > 0 there exists a € A, a # x, such that a € (x — €,z + ¢).

Definition 4.3.2. Suppose A C R. We call a point a € A an isolated point of
A if there exists an € > 0 such that

An(a—ea+e) ={a}. (4.3.1)
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Exercise 4.3.1. Identify the limit points and isolated points of the following

sets:

a. [—1,1],

b. (=1,1),

c {1 'n € Z+},
n

d. Z,

e. Q.

Exercise 4.3.2. Suppose z is a limit point of the set A. Show that for every
€ > 0, the set (x — €,z 4 €) N A is infinite.

We let A’ denote the set of limit points of a set A.

Definition 4.3.3. Given a set A C R, we call the set A = AU A’ the closure
of A.

Definition 4.3.4. We call a set C C R closed if C' = C.
Proposition 4.3.1. If A C R, then A is closed.

Proof. Suppose z is a limit point of A. We will show that z is a limit point of
A, and hence = € A. Now for any € > 0, there exists a € A, a # «x, such that

ac (x—%x—i—%) (4.3.2)

Ifac A/ let b=a. If a ¢ A, then a is a limit point of A, so there exists b € A,
b # a and b # x, such that

be (a—%,a—!—g). (4.3.3)

In either case ¢ .
o=t <o —al+lo—bl < S+ 5=c (4.3.4)
Hence z € A’, and so A is closed. Q.E.D.

Proposition 4.3.2. A set C' C R is closed if and only if for every convergent
sequence {ay }rex with a, € C for all k € K,

Jlim ay. € C. (4.3.5)
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Proof. Suppose C is closed and {ag }rex is a convergent sequence with ay € C
for all k € K. Let x = klim ag. If © = ai for some integer k, then z € C.
— 00

Otherwise, for every e > 0, there exists an integer N such that |ay — z| < e.
Hence ay # = and
any € (x —e,x +€). (4.3.6)

Thus « is a limit point of C, and so z € C since C is closed.
Now suppose that for every convergent sequence {ay}rcx with ay € C for
all k € K, klim ar € C. Let z be a limit point of C. For k =1,2,3,..., choose
— 00

ay € C such that a; € (a: — %,x + %) Then clearly

z = lim ag, (4.3.7)

k—o0

so x € C. Thus C is closed. Q.E.D.

Exercise 4.3.3. Show that every closed interval I is a closed set.

Proposition 4.3.3. Suppose A is a set and, for each « € A, C,, is a closed set.

Then
M Ca (4.3.8)
aEA

is a closed set.

Proof. Suppose z is a limit point of (), 4 Ca. Then for any € > 0, there exists
Y € [pea Ca such that y # x and y € (v — ¢,z +¢). But then for any a € 4,
y € Cy, so x is a limit point of C,. Since C,, is closed, it follows that x € C,
for every a € A. Thus z € (¢4 Co and (), 4 Cq is closed. Q.E.D.

Proposition 4.3.4. Suppose C1,Cs,...,C, is a finite collection of closed sets.
Then

Ua (4.3.9)
is closed.

Proof. Suppose {ay}rex is a convergent sequence with ay, € |J;_, C; for every
ke K. Let L = klim ag. Since K is an infinite set, there must exist an integer
— 00

m and a subsequence {a,; }32, such that a,; € Cy, for j =1,2,.... Since every

subsequence of {ay}rer converges to L, {ay,}72; must converge to L. Since
C,, is closed,

L= jli_)rgo an, € Oy C L:Jl C;. (4.3.10)

Thus J-_; C; is closed. Q.E.D.
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Note that both R and @) satisfy the definition of a closed set.
Proposition 4.3.5. A set C' C R is closed if and only if R\ C' is open.

Proof. Assume C is closed and let U = R\ C. If C = R, then U = ), which is
open; if C = (), then U = R, which is open. So we may assume both C and U
are nonempty. Let € U. Then x is not a limit point of C| so there exists an
€ > 0 such that

(z—e,x+e)NC =0. (4.3.11)

Thus
(x—e,x+e) CU, (4.3.12)

so U is open.

Now suppose U = R\ C is open. If U = R, then C = (), which is closed;
if U = (), then C' = R, which is closed. So we may assume both U and C are
nonempty. Let z be a limit point of C'. Then, for every € > 0,

(x—e,z+e)NC £0. (4.3.13)
Hence there does not exist € > 0 such that
(x—e,x+¢) CU. (4.3.14)

Thus z ¢ U, so x € C and C is closed. Q.E.D.

open or closed?

Exercise 4.3.5. For n =3,4,5,..., let I,, = [l ﬂ] Is

n’ n

L,

(@

n=3

open or closed?

Exercise 4.3.6. Suppose, forn =1,2,3,..., the intervals I,, = [ay, b,] are such
that I,y 1 C I,. If a = sup{a, : n € ZT} and b = inf{b, : n € Z*}, show that

() In = [a.0].
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Exercise 4.3.7. Find a sequence I,, n = 1,2,3,..., of closed intervals such
that I,,41 C I, forn=1,2,3,... and

Exercise 4.3.8. Find a sequence I,,, n = 1,2, 3,..., of bounded, open intervals
such that I,11 C I, forn=1,2,3,... and

An o
n=1

Exercise 4.3.9. Suppose A, CR,i=1,2,...,n, and let B = J;_, A;. Show
that
B=|JA.
i=1

Exercise 4.3.10. Suppose 4; C R, i € Zt, and let

"
i=1
Show that
U4icB

Find an example for which
§¢67
Exercise 4.3.11. Suppose U C R is a nonempty open set. For each x € U, let
Iy = U(x —e,x+9),
where the union is taken over all € > 0 and ¢ > 0 such that (z —e,x + ) C U.
a. Show that for every z,y € U, either J, NJ, =0 or J, = J,.
b. Show that

U={J Ja

z€EB

where B C U is either finite or countable.
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4.4 Compact Sets

Definition 4.4.1. Suppose T' C R. If A is a set, U, is an open set for every
a € A, and

Tc | U, (4.4.1)
acA

then we call {U, : a« € A} an open cover of T.
Example 4.4.1. For n = 3,4,5,..., let

Un=<1,"_1>.
n n

Then {U, : n =3,4,5,...} is an open cover of the open interval (0, 1).

Definition 4.4.2. Suppose {U,, : o € A} is an open cover of T CR. If BC A
and
Tc | Us, (4.4.2)
BeB

then we call {Us : 8 € B} a subcover of {U, : « € A}. If B is finite, we call
{Ug : B € B} a finite subcover of {U, : a € A}.

Exercise 4.4.1. Show that the open cover of (0,1) given in the previous ex-
ample does not have a finite subcover.

Definition 4.4.3. We say a set K C R is compact if every open cover of K has
a finite subcover.

Example 4.4.2. As a consequence of the previous exercise, the open interval
(0,1) is not compact.

Exercise 4.4.2. Show that every finite subset of R is compact.

Exercise 4.4.3. Suppose n € Z* and K1, Ks, ..., K, are compact sets. Show
that (J!_, K; is compact.

Proposition 4.4.1. If I is a closed, bounded interval, then I is compact.

Proof. Let a < b be finite real numbers and I = [a,b]. Suppose {U, : o € A}
is an open cover of I. Let O be the set of sets {Ug : § € B} with the properties
that B is a finite subset of A and a € Uz Up. Let

T=qz:x€l,fa,z]C UUﬁforsome{ngﬂEB}GO . (4.4.3)
BeB
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Clearly, a € T so T # (). Let s = supT. Suppose s < b. Since {U,, : « € A} is
an open cover of I, there exists an a € A for which s € U,. Hence there exists
an € > 0 such that

(s —€,s+¢€) CU,. (4.4.4)
Moreover, there exists a {Ug : 8 € B} € O for which
€
la,s — 5] C U Ug. (4.4.5)
BeB
But then
{Ug: e B}U{U,} €O (4.4.6)
and
€
{a,s—k 5} C U Us | UU,, (4.4.7)
BeB

contradicting the definition of s. Hence we must have s = b. Now choose U,
such that b € U,. Then, for some ¢ > 0,

(b—e€,b+e) CU,. (4.4.8)

Moreover, there exists {Ug : § € B} € O such that

€
{a,bf 5] c J Us (4.4.9)
BEB
Then
{Ug:peB}U{U,} €O (4.4.10)
is a finite subcover of I. Thus I is compact. Q.E.D.

Proposition 4.4.2. If K is a closed, bounded subset of R, then K is compact.

Proof. Since K is bounded, there exist finite real numbers a and b such that
K Ca,b]. Let {U, : « € A} be an open cover of K. Let V =R\ K. Then

{Uy:a€ A} U{V} (4.4.11)

is an open cover of [a,b]. Since [a,b] is compact, there exists a finite subcover
of this cover. This subcover is either of the form {Ug : 8 € B} or {Ug : 8 €
B} U{V} for some B C A. In the former case, we have

C la,b] C | Us; (4.4.12)
BeB
in the latter case, we have
K Cla,b]\Vc | Us (4.4.13)
peB

In either case, we have found a finite subcover of {U, : a € A}. Q.E.D.
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Exercise 4.4.4. Show that if K is compact and C' C K is closed, then C is
compact.

Proposition 4.4.3. If K C R is compact, then K is closed.

Proof. Suppose z is a limit point of K and « ¢ K. For n =1,2,3,..., let

U, = (—oo,x - 1) U <x + 17—1—00) . (4.4.14)
n n

Then -
U Up = (—00,2) U (z,+00) D K. (4.4.15)

n=1

However, for any N € ZT, there exists a € K with

1 1
- = — 441

ae(x N’x—’_N)’ (4.4.16)

and hence

N 1 1
a¢ U= (oo,:r N> U <:c+ N,+oo) : (4.4.17)
n=1

Thus the open cover {U,, : n € Z"} does not have a finite subcover, contradicting
the assumption that K is compact. Q.E.D.

Exercise 4.4.5. Suppose that for each « in some set A, K, is compact. Show

that (,c4 Ko is compact.

Proposition 4.4.4. If K C R is compact, then K is bounded.

Proof. Suppose K is not bounded. For n =1,2,3,..., let U, = (—n,n). Then
U Un = (-00,0) D K. (4.4.18)
n=1

But, for any integer N, there exists a € K such that |a| > N, from which it
follows that

N
a¢ |JUn=(-N,N). (4.4.19)
n=1

Thus the open cover {U,, : n € Z*} does not have a finite subcover, contradicting
the assumption that K is compact. Q.E.D.
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Taken together, the previous three propositions yield the following funda-
mental result:

Theorem 4.4.5 (Heine-Borel Theorem). A set K C R is compact if and only
if K is closed and bounded.

Proposition 4.4.6. If K C R is compact and {z,},cs is a sequence with
z, € K for every n € I, then {x,},cr has a convergent subsequence {z,, }7°
with
lim z,, € K. (4.4.20)
k—oo

Proof. Since K is bounded, {z, }necr has a convergent subsequence {z,, }72 .
Since K is closed, we must have klim ZTn, € K. Q.E.D.
— 00

Proposition 4.4.7. Suppose K C R is such that whenever {x,}ner is a se-
quence with z,, € K for every n € I, then {x,, } e has a subsequence {z,, }?,
with klim Zn, € K. Then K is compact.

—00

Proof. Suppose K is unbounded. Then we may construct a sequence {x, }> ;
such that z, € K and |z,| > n for n = 1,2,3,.... Hence the only possi-
ble subsequential limits of {z,}52; would be —oo and +o0, contradicting our
assumptions. Thus K must be bounded.

Now suppose {2, }ner is a convergent sequence with x,, € K for alln € I. If
L = lim z,, then L is the only subsequential limit of {z, },c;. Hence, by the

n—oo
assumptions of the proposition, L € K. Hence K is closed.
Since K is both closed and bounded, it is compact. Q.E.D.

Exercise 4.4.6. Show that a set K C R is compact if and only if every infinite
subset of K has a limit point in K.

Exercise 4.4.7. Show that if K is compact, then sup K € K and inf K € K.

Theorem 4.4.8. Given a set K C R, the following are equivalent:
1. Every open cover of K has a finite subcover.
2. Every sequence in K has a subsequential limit in K.

3. Every infinite subset of K has a limit point in K.

Exercise 4.4.8. Suppose K1, Ko, K3, ... are nonempty compact sets with
K, CK,
forn =1,2,3,.... Show that .
[ &a
n=1

is nonempty.
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Exercise 4.4.9. We say a collection of sets {D,, : a € A} has the finite inter-
section property if for every finite set B C A,

() Do #0.

a€EB
Show that a set K C R is compact if and only for any collection
{Es:a € A E, =C,NK where C,, C R is closed}

which has the finite intersection property we have

() Ea #0.

acA




Chapter 5

Limits and Continuity

5.1 Limits

Let A C R and let = be a limit point of A. In the following, we will let S(A, x)
denote the set of all convergent sequences {x, }ner such that x,, € A for all
nel, v, # x forall n € I, and lim z, =z. We will let ST(A,z) be the

n—oo

subset of S(A,z) of sequences {zy}ner for which x,, > z for all n € T and
S™(A, z) be the subset of S(A, x) of sequences {x,, }ner for which x,, < z for all
nel.

Definition 5.1.1. Let D C R, f: D — R, L € R, and suppose a is a limit
point of D. We say the limit of f as x approaches a is L, denoted
lim f(z) =L, (5.1.1)

r—a
if for every sequence {z, }ner € S(D,a),

lim f(z,)= L. (5.1.2)
If ST(D,a) # 0, we say the limit from the right of f as x approaches a is L,
denoted

lim f(z) =1L, (5.1.3)

z—at
if for every sequence {x, }ner € ST(D,a),
lim f(z,) =1L, (5.1.4)

n—oo

and, if S7(D,a) # 0, we say the limit from the left of f as x approaches a is L,
denoted
lim f(z)=1L, (5.1.5)

T—a~

if for every sequence {z,}ner € ST(D,a),

lim f(xz,)= L. (5.1.6)

n—o0

99
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We may also denote

lim f(z) =L (5.1.7)
by writing
f(z) = Lasx— a. (5.1.8)
Similarly, we may denote
lim+ fl)=1L (5.1.9)
by writing
fle) > Lasz|a (5.1.10)
and
lim f(z) =L (5.1.11)
by writing
f(x)—=LaszTa (5.1.12)
We also let
fla+) = lim+ f(z) (5.1.13)
and
fla=) = lim f(z). (5.1.14)

It should be clear that if lim f(z) = L and S*(D,a) #

r—a

0, then f(a+) = L.
Similarly, if lim f(z) = L and S~ (D, a) # 0, then f(a—) = L.

Proposition 5.1.1. Suppose D C R, f: D — R, and «a is a limit point of D.
If f(a—) = f(a+) = L, then lim f(z) = L.
Proof. Suppose {z,}32,, € S(D,a). Let

J ={n:nezx, <a} (5.1.15)

and
Jt={n:nezZux,>al. (5.1.16)

Suppose J~ is empty or finite and let k = m — 1 if J— = @ and, otherwise, let
k be the largest integer in J~. Then {z,}2, ., € ST(D,a), and so

lim f(zy)= f(a+) = L. (5.1.17)
A similar argument shows that if JT is empty or finite, then

lim f(zp)= f(a—) = L. (5.1.18)

n—oo

If neither J~ nor J¥ is finite or empty, then {x,, },,c;- and {x, },,c s+ are sub-
sequences of {x,}22, with {z,},c;- € S7(D,a) and {x,} e+ € ST(D,a).
Hence, given any € > 0, we may find integers N and M such that

[f(zn) — L] <€ (5.1.19)
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whenever n € {j:j€ J,j> N} and
[f(z,) — L] <€ (5.1.20)

whenever n € {j : j € J*,j > M}. Let P be the larger of N and M. Since
JTUJT ={j:j€Z",j>m}, it follows that

|f(zn) — L] <e (5.1.21)

whenever n > P. Hence lim f(x,) = L, and so lim f(x) = L. Q.E.D.

r—a

Proposition 5.1.2. Suppose D C R, a is a limit point of D, and f: D — R.
If lim f(x) = L and « € R, then

lim af(x) = aL. (5.1.22)

r—a

Proof. Suppose {,}ner € S(D,a). Then

lim af(x,) = anli_{go f(zn) = aL. (5.1.23)

n—00

Hence lim af(z) = aL. Q.E.D.

r—a

Proposition 5.1.3. Suppose D C R, a is a limit point of D, f : D — R, and
g:D — R If lim f(z) =L and lim,_,, g(x) = M, then

r—a

lim (f(z) + g(z)) = L + M. (5.1.24)

r—a

Proof. Suppose {x,}ner € S(D,a). Then

Jim (f(zn) +9(zn)) = lim f(z,) + lim g(zn) = L+ M. (5.1.25)
Hence ilir}l(f(x) +g(z) =L+ M. Q.E.D.

Proposition 5.1.4. Suppose D C R, a is a limit point of D, f : D — R, and
g:D — R If lim f(z) = L and lim g(z) = M, then

r—a r—a

lim f(z)g(x) = LM. (5.1.26)

r—a

Exercise 5.1.1. Prove the previous proposition.

Proposition 5.1.5. Suppose D C R, a is a limit point of D, f : D — R,
g:D — R, and g(z) #0 for all z € D. If lim f(z) = L, lim g(x) = M, and
M # 0, then

fl@) L

_— = 1.2
o gz) M (5.1.27)
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Exercise 5.1.2. Prove the previous proposition.

Proposition 5.1.6. Suppose D C R, a is a limit point of D, f: D — R, and
f(z) > 0forall z € D. If lim f(z) = L, then

lim /f(2) = VL. (5.1.28)

Exercise 5.1.3. Prove the previous proposition.

Given D CR, f: D — R, and A C D, we let
f(A) ={y:y= f(x) for some x € A}. (5.1.29)
In particular, f(D) denotes the range of f.

Proposition 5.1.7. Suppose D C R, E C R, a is a limit point of D, g : D — R,
f:E — R, and g(D) C E. Moreover, suppose lim g(x) = b and, for some ¢ > 0,

glx)#bforal z € (a—e,a+e)ND. If lin})f(x) = L, then
r—

ig}r}zf og(x) = L. (5.1.30)

Proof. Suppose {z,}ner € S(D,a). Then

lim g(x,) =b. (5.1.31)

n—oo

Let N € Z" such that |z, — a| < € whenever n > N. Then

{g(zn)}ninia € S(E, D), (5.1.32)
S0
lim f(g(zn)) = L. (5.1.33)
Thus lim f o g(x) = L. Q.E.D.
Example 5.1.1. Let
- {0 if 40,
FE=V1, itz =o.

If f(z) = g(z), then

1, ifx#0,
feglw) = {0, if 2 =0,

Hence lir%f o g(x) =1, although lin%) g(x) =0 and lin%J f(z)=0.
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5.1.1 Limits of polynomials and rational functions

Example 5.1.2. If c € R and f : R — R is given by f(z) = ¢ for all z € R,
then clearly lim f(z) = ¢ for any a € R.

Example 5.1.3. Suppose f : R — R is defined by f(z) = z for all x € R. If,
for any a € R, {x,, }ner € S(R,a), then

lim f(z,)= lim z, = a.
n—oo n—oo

Hence lim z = a.
Tr—a

Example 5.1.4. Suppose n € Z* and f : R — R is defined by f(x) = z".
Then

n
lim f(z) = lim 2" = H lim z = a™.
r—a r—a 1 r—a

1=

Definition 5.1.2. If n € Z, n > 0, and by, by, ...,b, are real numbers with
b, # 0, then we call the function p : R — R defined by
p(z) = bpx™ +bp_12" 4 bz + by (5.1.34)

a polynomial of degree n.

Exercise 5.1.4. Show that if f is a polynomial and a € R, then lim f(x) = f(a).

r—a
Definition 5.1.3. Suppose p and ¢ are polynomials and
D ={x:zeR,q(x)#0}. (5.1.35)
We call the function r : D — R defined by
p(x)
r(r) =—= 5.1.36
@ =20 (5.1.36)

a rational function.

Exercise 5.1.5. Show that if f is a rational function and « is in the domain of

7. then lim f(z) = f(a).

Exercise 5.1.6. Suppose D C R, a € D is a limit point of D, and lim f(z) = L.

r—a

If E=D\{a} and g : E — R is defined by g(z) = f(x) for all z € E, show
that lim g(x) = L.
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Exercise 5.1.7. Evaluate
5 _
.o 1
lim .
z—1 23 —1

Exercise 5.1.8. Suppose D C R, ais alimit pointof D, f: D - R, g: D — R,
h: D — R, and f(z) < h(z) < g(z) for all z € D. If lim f(xz) =L and
lim g(z) = L, show that lim h(z) = L.

r—a

(This is the squeeze theorem for limits

of functions.)

Note that the above results which have been stated for limits will hold as

well for the appropriate one-sided limits, that is, limits from the right or from
the left.

Exercise 5.1.9. Suppose

r+1, ifx<0,
flz) =144, ifx =0,

x2, if z > 0.

Evaluate f(0), f(0—), and f(0+). Does 113%) f(x) exist?

5.1.2 Equivalent definitions

Proposition 5.1.8. Suppose D C R, a is a limit point of D, and f: D — R.
Then lim f(z) = L if and only if for every € > 0 there exists a § > 0 such that

|f(x) — L| < e whenever x # a and z € (a — §,a + 6) N D. (5.1.37)

Proof. Suppose lim f(x) = L. Suppose there exists an ¢ > 0 such that for
r—a

every § > 0 there exists x € (a — d,a+ §) N D, x # a, for which |f(x) — L| > e.
Forn =1,2,3,..., choose

1 1
Ty € (a—,a—!—) ND, (5.1.38)
n n

Zn # a, such that |f(z,) — L| > e. Then {z,}32, € S(D,a), but {f(x,)}5,
does not converge to L, contradicting the assumption that lim f(z) = L.

Now suppose that for every € > 0 there exists ¢ > 0 such that |f(z) — L| < ¢
whenever z # a and z € (a—0,a+3)ND. Let {zp}ner € S(D,a). Given € > 0,
let § > 0 be such that |f(z) — L| < € whenever z # a and = € (a—d,a+ )N D.
Choose N € Z such that |z, — a| < § whenever n > N. Then |f(z,) — L| <€
for all n > N. Hence nh—{go f(zn) =L, and so ilig f(z) = L. Q.E.D.

The proofs of the next two propositions are analogous.
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Proposition 5.1.9. Suppose D C R, a is a limit point of D, f: D — R, and
S7(D,a) # 0. Then lim f(z)= L if and only if for every e > 0 there exists a

0 > 0 such that
|f(z) — L] < e whenever z € (a — d,a) N D. (5.1.39)

Proposition 5.1.10. Suppose D C R, a is a limit point of D, f : D — R, and
ST(D,a) # 0. Then lim+ f(x) = L if and only if for every € > 0 there exists a

6 > 0 such that

|f(z) — L| < e whenever = € (a,a+ ) N D. (5.1.40)

5.1.3 Examples
Example 5.1.5. Define f : R — R by

1, if z is rational,
flx) = e
0, if x is irrational.

Let a € R. Since every open interval contains both rational and irrational
numbers, for any ¢ > 0 and any choice of L € R, there will exist z € (a—d, a+9),
x # a, such that

|f(x) = L| >

DN =

Hence lim f(z) does not exist for any real number a.

r—a

Example 5.1.6. Define f : R — R by

x, if x is rational,
-

0, if x is irrational.

Then lim0 f(z) = 0 since, given € > 0, |f(z)| < € provided |z| < e.

Exercise 5.1.10. Show that if f is as given in the previous example and a # 0,
then lim f(x) does not exist.
Tr—a

Exercise 5.1.11. Define f : R — R by

, if x is rational and = = =,

1 p
flx) =44 q
0,

if z is irrational,

where p and g are taken to be relatively prime integers with ¢ > 0, and we take
¢ = 1 when x = 0. Show that, for any real number «a, lim f(z) = 0.
Tr—a
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s
\ /\ [\, \\ /\ A

iy e \\/xz \V / ¥ \\ /A \v /é \f

Figure 5.1.1: Graphs of y = ¢(x) and y = s(x)

Example 5.1.7. Define ¢ : [0,1] — [—1,1] by

4z, ingxgl,

4

1 3

=4¢2—-4 if — -

o(x) z, 14<x<4,
3

4x — 4, 1f1§x§1

Next define s : R — R by s(z) = ¢(x — |z]|), where |z] denotes the largest
integer less than or equal to x (that is, |z] is the floor of x). The function s is
an example of a sawtooth function. See the graphs of ¢ and s in Figure 5.1.1.
Note that for any n € Z,

s+ 1) = [-1,1

Now let D =R\ {0} and define 0 : D — R by

o(z) = s @) .

See the graph of ¢ in Figure 5.1.2. Note that for any n € Z7,
1 1
— = | = 1)) = [-1,1].
o([iira]) = stnn s =111
Hence for any ¢ > 0, o((0,¢)) = [-1,1], and so lim o(z) does not exist.

x—0

Similarly, neither lim o(z) nor lin}) o(x) exist.
z—0— T—

Example 5.1.8. Let s be the sawtooth function of the previous example and
let D =R\ {0}. Define ¢ : D — R by
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L A\ /\ )/B\//\VI\W%AV/\\/(\N =

Figure 5.1.2: Graphs of y = o(z) and y = ¥ (x)

See Figure 5.1.2 for the graph of ¢. Then for all z € D,
—|z] < ¢(z) < |zf,

and so lir% ¥(x) = 0 by the squeeze theorem.

Definition 5.1.4. Let D C R and f: D — R. We say [ is bounded if there
exists a real number B such that |f(z)| < B for all z € D.

Exercise 5.1.12. Suppose f : R — R is bounded. Show that lin% xzf(z) =
xr—

5.2 Monotonic functions

Definition 5.2.1. Suppose D C R, f : D — R, and (a,b) C D. We say
f is increasing on (a,b) if f(x) < f(y) whenever a < z < y < b; we say f
is decreasing on (a,b) if f(x) > f(y) whenever a < z < y < b; we say f is
nondecreasing on (a,b) if f(z) < f(y) whenever a < x <y < b; and we say f is
nonincreasing on (a,b) if f(x) > f(y) whenever a < z < y < b. We will say f is
monotonic on (a,b) if f is either nondecreasing or nonincreasing on (a,b) and
we will say f is strictly monotonic on (a,b) if f is either increasing or decreasing
n (a,b).

Proposition 5.2.1. If f is monotonic on (a,b), then f(c+) and f(c—) exist for
every ¢ € (a,b).

Proof. Suppose f is nondecreasing on (a,b). Let ¢ € (a,b) and let

A=sup{f(z):a <z <c}. (5.2.1)
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Note that A < f(c) < +o00. Given any € > 0, there must exist § > 0 such that
A—e< fle=98) <A\ (5.2.2)
Since f is nondecreasing, it follows that
If(z) = A <e (5.2.3)

whenever € (¢ — §,¢). Thus f(c—) = A. A similar argument shows that
f(c+) = k where

k=1inf{f(z) : c < x < b}. (5.2.4)
If f is nonincreasing, similar arguments yield
fle=)=inf{f(x):a <z <c} (5.2.5)
and
fle+) =sup{f(z) :c <z < b}. (5.2.6)
Q.E.D.
Proposition 5.2.2. If f is nondecreasing on (a,b) and a < < y < b, then
fla+) < fy—). (5.2.7)
Proof. By the previous proposition,
flz4) =inf{f(t): z <t < b} (5.2.8)
and
Fly=) = sup{f(t) s a <t < y}. (5.2.9)
Since f is nondecreasing,
inf{f(t):z <t <b}=inf{f(t):z<t<y} (5.2.10)
and
sup{f(t) :a <t <y} =sup{f(t) :x <t <y} (5.2.11)
Thus
fle+)=mt{f(t) e <t<y} <sup{f(t):z<t<y}=fly—). (5.2.12)
Q.E.D.

Exercise 5.2.1. Let ¢ : QN[0,1] — Z™ be a one-to-one correspondence. Define

f:[0,1] = R by )
f(z) = Z 20(@)

q€QN[0,1]
g<z

a. Show that f is increasing on (0, 1).
b. Show that for any x € QN (0,1), f(xz—) < f(z) and f(z+) = f(x).

c. Show that for any irrational a, 0 < @ < 1, lim f(z) = f(a).
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5.3 Limits to infinity and infinite limits

Definition 5.3.1. Let D C R, f: D — R, and suppose a is a limit point of D.
We say that f diverges to +00 as x approaches a, denoted

ilir(ll f(z) = +o0, (5.3.1)
if for every real number M there exists a § > 0 such that
f(x) > M whenever x # a and x € (a — d,a+ §) N D. (5.3.2)
Similarly, we say that that f diverges to —oco as x approaches a, denoted

lim f(z) = —o0, (5.3.3)

r—a

if for every real number M there exists a § > 0 such that

f(z) < M whenever z # a and z € (a — §,a + ) N D. (5.3.4)

Exercise 5.3.1. Provide definitions for
a. lim+ flx) = 400,

b. lim f(z)=4o0,

c. lim f(z) = —oo,
z—at
d.  lim f(x) = —oc.
Model your definitions on the preceding definitions.
7 7
Exercise 5.3.2. Show that lim —— = —oo0 and lim = +00.
z—dt 4 —x z—4- 4 —x

Definition 5.3.2. Suppose D C R does not have an upper bound, f: D — R,
and L € R. We say that the limit of f as x approaches +oo is L, denoted

lim f(z) =L, (5.3.5)

r——+00

if for every € > 0 there exists a real number M such that
|f(z) — L] < € whenever z € (M, +o00) N D. (5.3.6)

Definition 5.3.3. Suppose D C R does not have an lower bound, f: D — R,
and L € R. We say that the limit of f as x approaches —oco is L, denoted

lim f(z) =L, (5.3.7)

Tr— —00
if for every € > 0 there exists a real number M such that

|f(z) — L| < e whenever z € (—oo, M) N D. (5.3.8)
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1.

1
Exercise 5.3.3. Verify that lim Tl
z—+oo I + 2

Exercise 5.3.4. Provide definitions for

a. lim f(z) =400,

T—+00

b. lim f(z)= —o0,

r——+0o0

c. lim f(z)=+oo,

r——00

d. lim f(z) = —o0.

500
Model your definitions on the preceding definitions.
Exercise 5.3.5. Suppose

f(z) = az® 4+ ba® + cx + d,
where a,b,c,d € R and a > 0. Show that

lim f(z) =400 and lim f(z)= —oc.

r— 400 T— —00

5.4 Continuous Functions

5.4.1 Continuity at a point

Definition 5.4.1. Suppose D C R, f: D — R, and a € D. We say f is
continuous at a if either a is an isolated point of D or lim f(z) = f(a). If f is

not continuous at a, we say f is discontinuous at a, or that f has a discontinuity
at a.

Example 5.4.1. Define f : R — R by

fz) =

1, if z is rational,
0, if x is irrational.

Then, by Example 5.1.5, f is discontinuous at every = € R.
Example 5.4.2. Define f : R — R by

x, if x is rational,
fla) = e
0, if x is irrational.

Then, by Example 5.1.6 and Exercise 5.1.10, f is continuous at 0, but discon-
tinuous at every z # 0.
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IfDCR, a€eR, f:D—R,and g: D — R, then we define af : D — R by

(af)(z) = af(z), (5.4.1)
f4+g:D—Rby
(f +9)(x) = f(z) + g(x), (5.4.2)
and fg: D — R by
(fo)(x) = f(z)g(x). (5.4.3)
Moreover, if g(x) # 0 for all © € D, we define 5 :D — R by
£\ (= £®)
(g) (z) = ek (5.4.4)

Proposition 5.4.1. Suppose D C R, a € R, f: D —-R,and g: D — R. If
f and g are continuous at a, then af, f + ¢, and fg are all continuous at a.
Moreover, if g(x) # 0 for all © € D, then 5 is continuous at a.

Exercise 5.4.1. Prove the previous proposition.

Proposition 5.4.2. Suppose D C R, f: D — R, f(z) > 0 for all x € D, and
f is continuous at a € D. If g : D — R is defined by g(z) = v/ f(z), then g is

continuous at a.

Exercise 5.4.2. Prove the previous proposition.

Proposition 5.4.3. Suppose D C R, f : D — R, and a € D. Then f is
continuous at a if and only if for every € > 0 there exists § > 0 such that

|f(z) — f(a)| < e whenever z € (a — d,a+ ) N D. (5.4.5)

Proof. Suppose f is continuous at a. If a is an isolated point of D, then there
exists a d > 0 such that

(a—¥8,a+8)ND ={a}. (5.4.6)
Then for any € > 0, if € (a — §,a + ) N D, then z = a, and so
|f(x) = fla)| = [f(a) = fla)| =0 <e (5.4.7)

If @ is a limit point of D, then lim f(z) = f(a) implies that for any € > 0 there
exists § > 0 such that

|f(z) — f(a)| < e whenever z € (a — d,a+ ) N D. (5.4.8)
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Now suppose that for every € > 0 there exists § > 0 such that
|f(z) — f(a)| < € whenever x € (a — d,a+ 0) N D. (5.4.9)

If a is an isolated point, then f is continuous at a. If a is a limit point, then
this condition implies lim f(z) = f(a), and so f is continuous at a.  Q.E.D.
r—a

From the preceding, it should be clear that a function f: D — R is contin-
uous at a point a of D if and only if for every sequence {z, }ner with z,, € D
for every n € I and lim z, =a, lim f(z,) = f(a).

n—oo n—oo

Exercise 5.4.3. Show that if f: D — R is continuous at a € D and f(a) > 0,
then there exists an open interval I such that a € I and f(z) > 0 for every
rxelnD.

Proposition 5.4.4. Suppose D CR,ECR,g: D >R, f: E—-R, g(D) CE,
and a € D. If g is continuous at a and f is continuous at g(a), then f o g is
continuous at a.

Proof. Let {x, }nes be asequence with x,, € D foreveryn € I and lim z, = a.

n—oo

Then, since g is continuous at a, {g(zn)}nesr is a sequence with g(z,) € E
for every n € I and lim g(x,) = g(a). Hence, since f is continuous at g(a),
n—oo

Jim_ f(g(zn)) = f(g(a)). That is,

i (f 0 g)(a) = (f 0 g)(a). (5.4.10)
Hence f o g is continuous at a. Q.E.D.

Definition 5.4.2. Let D C R, f: D — R, and a € D. If f is not continuous
at a but both f(a—) and f(a+) exist, then we say f has a simple discontinuity
at a.

Proposition 5.4.5. Suppose f is monotonic on the interval (a,b). Then every
discontinuity of f in (a,b) is a simple discontinuity. Moreover, if E is the set of
points in (a,b) at which f is discontinuous, then either £ = ), E is finite, or E
is countable.

Proof. The first statement follows immediately from Proposition 5.2.1. For
the second statement, suppose f is nondecreasing and suppose E is nonempty.
From Exercise 2.1.26 and the the proof of Proposition 5.2.1, it follows that for
every x € (a,b),

fla=) < flz) < fla+). (5.4.11)
Hence z € E if and only if f(z—) < f(z+). Hence for every x € E, we may
choose a rational number r, such that f(z—) < r, < f(z+). Now if z,y € E
with = < y, then, by Proposition 5.2.2,

Ty < flz+) < fly—) < ry, (5.4.12)
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so r5 # 1y. Thus we have a one-to-one correspondence between E and a subset
of Q, and so F is either finite or countable. A similar argument holds if f is
nonincreasing. Q.E.D.

Exercise 5.4.4. Define f : R — R by

1
—, if x is rational and x = B,
q

fz) =

(SRS

, if x is irrational,

where p and ¢ are taken to be relatively prime integers with ¢ > 0, and we take
¢ = 1 when x = 0. Show that f is continuous at every irrational number and
has a simple discontinuity at every rational number.

5.4.2 Continuity on a set

Definition 5.4.3. Suppose D C Rand f: D — R. We say f is continuous on
D if f is continuous at every point a € D.

Proposition 5.4.6. If f is a polynomial, then f is continuous on R.

Proposition 5.4.7. If D C R and f: D — R is a rational function, then f is
continuous on D.

Exercise 5.4.5. Explain why the function f(z) = v/1 — 22 is continuous on
[—1,1].

Exercise 5.4.6. Discuss the continuity of the function

r+1, ifx <0,
f(z) =<4, ifx=0,
z2, if x > 0.

IfDCR, f:D—R,and F C R, we let
fYUE)={z: f(z) € E}. (5.4.13)

Proposition 5.4.8. Suppose D C R and f: D — R. Then f is continuous on
D if and only if for every open set V. C R, f~1(V) = U N D for some open set
UcCR.

Proof. Suppose f is continuous on D and V' C R is an open set. If VN f(D) = 0,
then f~1(V) = (), which is open. So suppose V N f(D) # ) and let a € f~(V).
Since V is open and f(a) € V, there exists ¢, > 0 such that

(f(a) —€a, f(a) + &) C V. (5.4.14)
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Since f is continuous, there exists §, > 0 such that
flla=d4,a4+6,)ND) C(f(a) —€q, fla) +€) CV. (5.4.15)
That is, (a — §q,a +6,) N D C f~1(V). Let

U= |J (a=dsa+3d). (5.4.16)
aef~1(V)

Then U is open and f~3(V)=UnND.

Now suppose that for every open set V C R, f~*(V) = U N D for some open
set U CR. Let a € D and let € > 0 be given. Since (f(a) — ¢, f(a) +¢€) is open,
there exists an open set U such that

UND=f(f(a) —¢ fla) +¢)). (5.4.17)

Since U is open and a € U, there exists 6 > 0 such that (a —d,a+ ) C U. But
then

flla=4d,a+0)ND)C (f(a)—c¢, fla) +e). (5.4.18)
That is, if z € (a — §,a+ §) N D, then |f(z) — f(a)| < e. Hence f is continuous
at a. Q.E.D.

Exercise 5.4.7. Let D C Rand f : D — R. For any F C R, show that
FTHRNE) = (R\ fH(E))ND.

Exercise 5.4.8. Let A be a set and, for each a € A, let U, C R. Given D C R
and a function f: D — R, show that

U rwa.) =1 (U Ua>

acA a€cA

and

' U) = 1 (ﬂ Ua> :

acA a€cA

Exercise 5.4.9. Suppose D C R and f: D — R. Show that f is continuous
on D if and only if for every closed set C C R, f~1(C) = FN D for some closed
set ' C R.

Exercise 5.4.10. Let D C R. We say a function f : D — R is Lipschitz if
there exists a € R, a > 0, such that |f(z) — f(y)| < a|z — y| for all x,y € D.
Show that if f is Lipschitz, then f is continuous.
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5.4.3 Intermediate Value Theorem

Theorem 5.4.9 (Intermediate Value Theorem). Suppose a,b € R, a < b, and
f:]a,b] — R. If f is continuous and s € R is such that either f(a) < s < f(b)
or f(b) < s < f(a), then there exists ¢ € [a,b] such that f(c) = s.

Proof. Suppose f(a) < f(b) and f(a) < s < f(b). Let
c=sup{z : z € [a,b], f(x) < s}. (5.4.19)

Suppose f(c) < s. Then ¢ < b and, since f is continuous at ¢, there exists
a § > 0 such that f(z) < s for all z € (c,c+ ). But then f(c+3) < s,
contradicting the definition of ¢. Similarly, if f(c) > s, then ¢ > a and there
exists 6 > 0 such that f(x) > s for all x € (¢ — 4, ¢), again contradicting the
definition of ¢. Hence we must have f(c) = s. Q.E.D.

Example 5.4.3. Suppose a € R, a > 0, and consider f(z) = 2™ — a where
n € Z,n > 1. Then f(0) = —a < 0 and

fA+a)=(1+a)"—a
1+na+2(?>aia
i=2
=1+(n-1a+ (@)ai > 0,
2

where (:‘) is the binomial coefficient

n n!
=—. 5.4.20
(z) il(n —1)! ( )
Hence, by the Intermediate Value Theorem, there exists a real number v > 0
such that ™ = a. Moreover, there is only one such v since f is increasing on
(0, +00).
We call « the nth root of a, and write

v = a (5.4.21)
or 1
v=anr. (5.4.22)
Moreover, if a € R, a < 0, n € Z¥ is odd, and « is the nth root of —a, then
(=1)" =(E=D")" = (-1)(-a) = a. (5.4.23)

That is, —v is the nth root of a.
Definition 5.4.4. If n =2 € Q with ¢ € Z*, then we define

a" = (Yz)’ (5.4.24)

for all real z > 0.
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Exercise 5.4.11. Explain why the equation x® 4+ 422 — 16 = 0 has a solution
in the interval (0, 2).

Exercise 5.4.12. Give an example of a closed interval [a,b] C R and a function
f :[a,b] — R which do not satisfy the conclusion of the Intermediate Value
Theorem.

Exercise 5.4.13. Show that if I C R is an interval and f : I — R is continuous,
then f(I) is an interval.

Exercise 5.4.14. Suppose f : (a,b) — R is continuous and strictly monotonic.
Let (c,d) = f((a,b)). Show that f~!: (¢,d) — (a,b) is strictly monotonic and
continuous.

Exercise 5.4.15. Let n € Z". Show that the function f(z) = {/x is continuous
on (0, +00).

Exercise 5.4.16. Use the method of bisection to give another proof of the
Intermediate Value Theorem.

5.4.4 Extreme Value Theorem

Theorem 5.4.10. Suppose D C R is compact and f : D — R is continuous.
Then f(D) is compact.

Proof. Given a sequence {y,}ner in f(D), choose a sequence {x,}ner such
that f(z,) = yn. Since D is compact, {x,}ner has a convergent subsequence
{ﬂﬂnk}zoﬂ with

lim z,, =z € D. (5.4.25)

k—o0
Let y = f(x). Then y € f(D) and, since f is continuous,
y= lim f(x,,)= lm y,,. (5.4.26)
k—o0 k—o0

Hence f(D) is compact. Q.E.D.

Exercise 5.4.17. Prove the previous theorem using the open cover definition
of a compact set.

Theorem 5.4.11 (Extreme Value Theorem). Suppose D C R is compact and
f: D — R is continuous. Then there exists a € D such that f(a) > f(z) for all
x € D and there exists b € D such that f(b) < f(z) for all z € D.
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Proof. Let s = sup f(D) and ¢t = inf f(D). Then s € f(D), so there exists
a € D such that f(a) = s, and ¢ € f(D), so there exists b € D such that

fb) =t. Q.E.D.

As a consequence of the Extreme Value Theorem, a continuous function on
a closed bounded interval attains both a maximum and a minimum value.

Exercise 5.4.18. Find an example of a closed bounded interval [a,b] and a
function f : [a,b] — R such that f attains neither a maximum nor a minimum
value on [a, b].

Exercise 5.4.19. Find an example of a bounded interval I and a function
f I — R which is continuous on I such that f attains neither a maximum nor
a minimum value on [.

Exercise 5.4.20. Suppose K C R is compact and a ¢ K. Show that there
exists b € K such that |b —a| < |z —qa| for all z € K.

Proposition 5.4.12. Suppose D C R is compact, f : D — R is continuous and
one-to-one, and E = f(D). Then f~!: E — D is continuous.

Proof. Let V C R be an open set. We need to show that f(VND)=UNE
for some open set U C R. Let C = DN(R\ V). Then C is a closed subset of D,
and so is compact. Hence f(C) is a compact subset of E. Thus f(C) is closed,
and so U =R\ f(C) is open. Moreover, UNE = E\ f(C) = f(V N D). Thus
£~ is continuous.

Exercise 5.4.21. Suppose f : [0,1] U (2, 3] — [0,2] by

fz) =

x, if0<x<1,
r—1, if2<z<3.

Show that f is continuous, one-to-one, and onto, but that f~! is not continuous.

5.4.5 Uniform continuity

Definition 5.4.5. Suppose D C R and f : D — R. We say f is uniformly
continuous on D if for every € > 0 there exists § > 0 such that for any x,y € D,

|f(z) — f(y)] < € whenever |z —y| < 4. (5.4.27)

Exercise 5.4.22. Suppose D C R and f : D — R is Lipschitz (see Exercise
5.4.10). Show that f is uniformly continuous on D.
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Clearly, if f is uniformly continuous on D then f is continuous on D. How-
ever, a continuous function need not be uniformly continuous.

Example 5.4.4. Define f : (0,+00) by f(z) = L. Given any § > 0, choose

x

n € ZT such that m <d.Letz=1andy= n%rl Then

1 1 1

|z —yl=——

= d.
n n+l n(n—|—1)<

However,
lf(@) = fWl=In—(+1)]=1

Hence, for example, there does not exist a § > 0 such that

7) ~ Tl < 5

whenever | —y| < 6. Thus f is not uniformly continuous on (0, 4+00), although
f is continuous on (0, 400).

Example 5.4.5. Define f : R — R by f(z) = 2x. Let € > 0 be given. If § =
then

2
[f(@) = f(y)l =2z —y[ <e

whenever |z — y| < §. Hence f is uniformly continuous on R.

Exercise 5.4.23. Let f(z) = 2?. Show that f is not uniformly continuous on
(=00, +00).

Proposition 5.4.13. Suppose D C R is compact and f : D — R is continuous.
Then f is uniformly continuous on D.

Proof. Let € > 0 be given. For every x € D, choose J, such that
€
F@) — f)l < 5 (5.4.28)

whenever y € D and |z — y| < §,. Let
0z 0
Jy= (2 =22 24%). 5.4.29
(x LI ) (5.4.29)

Then {J, : € D} is an open cover of D. Since D is compact, there must exist
T1,T2,...,Tn, n € ZT, such that J,,, Jy,,. .., s, is an open cover of D. Let §
be the smallest of

Oz, Oay Oz,
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Now let 2,y € D with |z —y| < . Then for some integer k, 1 <k <n, x € J,,
that is,

lx — xp] < %. (5.4.31)
Moreover,
|y—xk|§|y—x|+|m—xk|<5+%§5zk. (5.4.32)
Hence
@) = FI < 1f@) = fal +1f@n) = fy)l < 5+5 = (5433)
Q.E.D.

Exercise 5.4.24. Suppose D C R and f : D — R is uniformly continuous.
Show that if {z,, }ner is a Cauchy sequence in D, then {f(zy)}ner is a Cauchy
sequence in f(D).

Exercise 5.4.25. Suppose f : (0,1) — R is uniformly continuous. Show that
f(0+) exists.

Exercise 5.4.26. Suppose f : R — R is continuous and lim f(z) =0 and

r——00

lirll f(z) =0. Show that f is uniformly continuous.
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Chapter 6

Derivatives

6.1 Best linear approximations
Definition 6.1.1. We say a function f : R — R is linear if for every z,y € R,
flety) = flx)+ fy) (6.1.1)

and for every a € R and = € R,

flazx) = af(x). (6.1.2)

Exercise 6.1.1. Show that if f : R — R is linear, then there exists m € R such
that f(x) = ma for all x € R.

Definition 6.1.2. Suppose D € R, f: D — R, and a is an interior point of D.
We say f is differentiable at a if there exists a linear function df, : R — R such

that
i 1@ = (@) = dfale = 0)

T—a r—a

—0. (6.1.3)

We call the function df, the best linear approximation to f at a, or the differ-
ential of f at a.

Proposition 6.1.1. Suppose D C R, f: D — R, and a is an interior point of
D. Then f is differentiable at « if and only if

f(z) = fla)

li 6.1.4
lim ——— (6.1.4)
exists, in which case df,(x) = ma where

m = lim L&) = /(@) (6.1.5)

r—a Tr—a

81
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Proof. Let m € R and let L : R — R be the linear function L(z) = ma. Then
f(x) = fla) =Lz —a) _ f(z) = fla) —m(z —a)

T—a r—a
_f@)-fla (6.1.6)
r—a
Hence
o @)= (@) = L =) _ (6.7
r—a xr—a
if and only if
i f@) —fl@) _ (6.1.8)
T—a r—a
Q.E.D.

6.2 Derivatives

Definition 6.2.1. Suppose D C R, f: D — R, a is an interior point of D, and
f is differentiable at a. We call

lim ) = /(@) (6.2.1)
z—a T —a
the derivative of f at a, which we denote f'(a).
Note that if f is differentiable at a, then
lim M = lim M_ (6.2.2)
r—a T —a h—0 h

Definition 6.2.2. Suppose D C R, f: D — R, and F is the set of interior
points of D at which f is differentiable. We call the function f’ : E — R defined

by

lim - (6.2.3)

the derivative of f.
Example 6.2.1. Let n € Z* and define f : R — R by f(x) = 2. Then

P €y ) L
(@) = Jim, h
" + nxnflh 4 n l,nfkhk o In
= lim k=2 :
h—0 h
= lim (nx”l + (Z) x”khk1>
h—0 2

=na" L
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Example 6.2.2. Define f : R — R by f(z) = |z|. Then

f(0+h)—f(0)_@_ 1, ifh>0,
h h ]-1, ifh<O.
Hence
i L0+ = FO) _
h—0— h
and
i L0+ —FO) _

Thus f is not differentiable at 0.

83

Exercise 6.2.1. Show that if ¢ € R and f(x) = ¢ for all z € R, then f'(z) =0

for all x € R.

Exercise 6.2.2. Define f : [0,+00) — [0,400) by f(x) = y/z. Show that

' (0,400) — (0,+00) is given by

o) = {x; if £ <0,

z®, if x > 0.
Is f differentiable at 07

Exercise 6.2.4. Define f : R — R by

o) = {x? if £ <0,

z°, if x > 0.

Is f differentiable at 07

Proposition 6.2.1. If f is differentiable at a, then f is continuous at a.

Proof. If f is differentiable at a, then

f(x) = f(a)

Tr—a

in () ~ (@) = Jm (

r—a r—a

Hence lim f(z) = f(a), and so f is continuous at a.

r—a

) (z —a) = f'(a)(0) = 0. (6.2.4)

Q.E.D.
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6.2.1 The rules

Proposition 6.2.2. Suppose f is differentiable at ¢ and o € R. Then af is
differentiable at a and («f)'(a) = af’(a).

Exercise 6.2.5. Prove the previous proposition.

Proposition 6.2.3. Suppose f and g are both differentiable at a. Then f + g
is differentiable at a and (f + g)'(a) = f'(a) + ¢'(a).

Exercise 6.2.6. Prove the previous proposition.

Proposition 6.2.4 (Product rule). Suppose f and g are both differentiable at
a. Then fg is differentiable at a and

(f9)'(a) = f(a)g'(a) + g(a) f'(a). (6.2.5)
Proof. We have
fla+h)g(a+h) — f(a)g(a)

(f9)'(a) = lim

h—0 h

_ iy Jlath)gla+h) — fla)gla+h) + fla)g(a+h) — fla)g(a)
h—0 h

— i (st0 LRI gy ola i) gt

= g(a)f'(a) + f(a)g'(a),

(6.2.6)

where we know }llin%) g(a+ h) = g(a) by the continuity of g at a, which in turn

follows from the assumption that g is differentiable at a. Q.E.D.

Exercise 6.2.7. Given n € Z* and f(x) = 2", use induction and the product
rule to show that f/(z) = na™1.

Proposition 6.2.5 (Quotient rule). Suppose D C R, f: D — R, g: D — R,
a is in the interior of D, and g(x) # 0 for all z € D. If f and g are both
differentiable at a, then 5 is differentiable at a and

1Y () _ 8@ (@) = o)y
<g>() W@e (6:27)
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Proof. We have

(5)«w=gg“ii 9(a)

N flbli% hg(a + h)g(a)
_ iy Ll P)g(a) = fa)g(a) + f(a)g(a) — f(a)g(a + h)
h—0 hg(a+ h)g(a)
| g(a)f(a+h;1 f(a) _f(a)g(aJrh]z—g(a)
= gla+hgla)
g(a)f'(a) — f(a)g'(a)

= , (6.2.8)

where we know %in}) gla+ h) = g(a) by the continuity of g at @, which in turn

follows from the assumption that g is differentiable at a. Q.E.D.

Exercise 6.2.8. Show that for any integer n # 0, if f(z) = 2™, then f/'(z) =
na" L,

Proposition 6.2.6 (Chain rule). Suppose DCR, FCR,g: D —>R, f: E —
R, g(D) C E, g is differentiable at a, and f is differentiable at g(a). Then fog
is differentiable at a and

(fog)(a) = f'(g9(a))g'(a). (6.2.9)

Proof. Since a is an interior point of D and g(a) is an interior point of F, we may
choose 0 > 0 so that (a—d,a+0) C D and € > 0 so that (g(a) —e,g(a)+¢) C E.
Define ¢ : (—6,0) — R by

gla+h) —g(a) —g'(a)h .
p(h) = { h , iR AD, (6.2.10)
0, if h=0,
and ¥ : (—e,¢) — R by
f(g(a) +h) — flg(a)) — f'(ga))h .
P(h) = h , IERFD, (6.2.11)
0, if h=0.

The assumption that g is differentiable at a implies that ¢ is continuous at 0
and the assumption that f is differentiable at g(a) implies that 1 is continuous
at 0. Moreover, note that

gla+h) =he(h)+ g (a)h + g(a) (6.2.12)
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for h € (—6,5) and
fg(a) + h) = h(h) + f(g(a))h + f(g(a))
for h € (—€, €). From (6.2.12) we have
flgla+h)) = f(ho(h) + g’ (a)h + g(a))

for h € (—4,6). Now
lim (hp(h) + g'(a)h) = 0,

so we may choose v > 0 so that v < ¢ and
\he(h) + g'(a)h] < e

whenever h € (—v,7). Thus, using (6.2.13) and (6.2.14),

fgla+h)) = (he(h) + g'(@)h)b(heo(h) + g (a)h)
+ f'(g9(a))(heo(h) + g'(a)h) + f(g(a)),

SO

lgla+ 1) — Flo(@) = (he(h) + o @Ry (hp(h) + ' (@)h)
+ 7/ (9(a)) (hp(h) + g/ ()h)
= ho(h)u(he(h) + ¢ (a)h)
+hg'(@W0(he(h) + g (@)h)
+ ' (gla)e(h)h + f'(g(a))g (a)h.
Hence
Potax M=) _ g (g(ay)g'(a) + o(nyuthp(n) + ' (ah)
44/ (@0 (he(h) + g/ (@) + 7' (gla))oh).
Now
lim o(h) =0,

lim (hp(h) + g'(a)h) = 0,
and, since ¢ and 1 are continuous at 0,
lim 4 (he(h) + g'(a)h) = 0.

Thus

h—0 h

(6.2.13)

(6.2.14)

(6.2.15)

(6.2.16)

(6.2.17)

(6.2.18)

(6.2.19)

(6.2.20)

(6.2.21)

(6.2.22)

(6.2.23)

Q.E.D.
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Proposition 6.2.7. Suppose D C R, f : D — R is one-to-one, a is in the
interior of D, f(a) is in the interior of f(D), f~! is continuous at f(a), and f
is differentiable at a with f’(a) # 0. Then f~! is differentiable at f(a) and

—1y\/ _ 1
(f7)(fa) = @) (6.2.24)
Proof. Choose § > 0 so that (f(a) — 9, f(a) +9) C f(D). For h € (=6,6), let
k= f"'f(a)+h) —a. (6.2.25)
Then
fY(f(a) +h)=a+k, (6.2.26)
fla)+h=fla+k) (6.2.27)
and
h=fla+k)— f(a). (6.2.28)
Hence
fHf@+h) - fHf@) atk—a 1
h Tk @ farh @ 02
k
Now if h — 0, then k — 0 (since f~! is continuous at f(a)), and so
@A) )
Jim, h TR =@ @ 630
k
Q.E.D.

Example 6.2.3. For n € ZT, define f : [0, +00) — R by f(z) = {/x. Then f is
the inverse of ¢ : [0, +00) — R defined by g(z) = ™. Thus, for any = € (0, +00),

L1 1 1l
PO = @) = atvarT —n""

Exercise 6.2.9. Let n # 0 be a rational number and let f(z) = 2™. Show that
f(x) = na™ L.

6.3 Mean Value Theorem

6.3.1 Rolle’s theorem

Definition 6.3.1. We say f is differentiable on an open interval I if f is dif-
ferentiable at every point a € I.
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Definition 6.3.2. Suppose D C R and f : D — R. We say f has a local
mazimum at a point a € D if there exists ¢ > 0 such that f(a) > f(x) for all
x € (a—0d,a+0)ND. We say f has a local minimum at a point a € D if there
exists 0 > 0 such that f(a) < f(z) for all z € (a — §,a + &) N D.

Proposition 6.3.1. Suppose D C R, f: D — R, and a is an interior point of D
at which f has either a local maximum or a local minimum. If f is differentiable
at a, then f'(a) =0.

Proof. Suppose f has a local maximum at a (a similar argument works if f has
a local minimum at a). Choose 6 > 0 so that (a—d,a+3d) C D and f(a) > f(x)
for all x € (a — d,a + ). Then

@) = Jla) >0 (6.3.1)
x—a
for all z € (a — 4§, a) and
@) = Jla) <0 (6.3.2)
x—a
for all x € (a,a + J). Hence
im L8 =10 (6.3.3)
r—a~ r—a
and
lim @) = f(@) <0. (6.3.4)
z—at Tr—a
Hence
0< lim J@) = fla) _ f'(a) = lim @) = fla) <0, (6.3.5)
T—a~ r—a z—at Tr—a
so we must have f’(a) = 0. Q.E.D.

Theorem 6.3.2 (Rolle’s Theorem). Let a,b € R and suppose f is continuous
on [a,b] and differentiable on (a,b). If f(a) = f(b), then there exists a point
¢ € (a,b) at which f'(c) = 0.

Proof. By the Extreme Value Theorem, we know f attains a maximum and a
minimum value on [a,b]. Let m be the minimum value and M the maximum
value of f on [a,b]. If m = M = f(a) = f(b), then f(x) = m for all x € [a,b],
and so f/(x) =0 for all = € (a,b). Otherwise, one of m or M occurs at a point
¢ in (a,b). Hence f has either a local maximum or a local minimum at ¢, and
so f'(e) = 0. Q.E.D.

Exercise 6.3.1. Suppose f is differentiable on (a,b) and f/'(z) # 0 for all
€ (a,b). Show that for any z,y € (a,b), f(x) # f(y).
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Exercise 6.3.2. Explain why the equation z° 4+ 10z = 5 has exactly one solu-
tion.

Exercise 6.3.3. Let f(x) be a third degree polynomial. Show that the equation
f(z) =0 as at least one, but no more than three, solutions.

6.3.2 Mean Value Theorem

Theorem 6.3.3 (Generalized Mean Value Theorem). Let a,b € R. If f and
g are continuous on [a, b] and differentiable on (a,b), then there exists a point
¢ € (a,b) at which

(f(b) = f(a))g'(c) = (9(b) — g(a))f'(c). (6.3.6)
Proof. Let
h(t) = (f(b) = f(a))g(t) = (9(b) — g(a)) f (D) (6.3.7)
Then h is continuous on [a, b] and differentiable on (a,b). Moreover,

h(a) = f(b)g(a) — f(a)g(a) — f(a)g(b) + f(a)g(a)
= f(b)g(a) = f(a)g(b) (6.3.8)

and

h(b) = f(b)g(b) — f(a)g(b) — f(b)g(b) + f(b)g(a)
= f(b)g(a) = f(a)g(b). (6.3.9)

Hence, by Rolle’s theorem, there exists a point ¢ € (a,b) at which h'(c) = 0.
But then

0="N(c) = (f(b) — fla))g'(c) — (g(b) — g(a)) f'(c), (6.3.10)

which implies that
(f(b) = f(a))g'(c) = (g(b) — g(a)) f'(c). (6.3.11)
Q.E.D.

Theorem 6.3.4 (Mean Value Theorem). Let a,b € R. If f is continuous on
[a,b] and differentiable on (a,b), then there exists a point ¢ € (a,b) at which

f) = fa) = (b= a)f'(c). (6.3.12)

Proof. Apply the previous result with g(x) = z. Q.E.D.
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Exercise 6.3.4. Prove the Mean Value Theorem using Rolle’s theorem and the

function = 10— ((]W) (t—a) + f(a)) :

Give a geometric interpretation for k and compare it with the function h used
in the proof of the generalized mean value theorem.

Exercise 6.3.5. Let a,b € R. Suppose f is continuous on [a, b], differentiable
n (a,b), and |f'(x)] < M for all € (a,b). Show that

|£(b) = f(a)] < M|b—al.
Exercise 6.3.6. Show that for all z > 0,

\/1+x<1+§.

Exercise 6.3.7. Suppose [ is an open interval, f : I — R, and f’(z) = 0 for
all z € I. Show that there exists o € R such that f(z) = « for all z € I.

Exercise 6.3.8. Suppose [ is an open interval, f : I — R, g : I — R, and
f'(z) = ¢’(x) for all x € I. Show that there exists & € R such that

g9(x) = f(z) +
for all x € 1.
Exercise 6.3.9. Let D = R\ {0}. Define f : D — Rand g : D — R by

f(z) = 2% and
{x27 if z <0,

xTr) =
9(x) 22 +1, ifx>0.

Show that f'(x) = ¢’(x) for all x € D, but there does not exist « € R such that
g(x) = f(z) + « for all z € D. Why does this not contradict the conclusion of
the previous exercise?

Proposition 6.3.5. If f is differentiable on (a, b) and f'(x) > 0 for all z € (a,b),
then f is increasing on (a, b).

Proof. Let z,y € (a,b) with < y. By the Mean Value Theorem, there exists
a point ¢ € (z,y) such that

fly) = f(x) = (y —2)f'(c). (6.3.13)

Since y —z > 0 and f'(¢) > 0, we have f(y) > f(x), and so f is increasing on
(a,b). Q.E.D.
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Proposition 6.3.6. If f is differentiable on (a, b) and f'(z) < 0 for all z € (a, b),
then f is decreasing on (a,b).

Exercise 6.3.10. State and prove similar conditions for nonincreasing and
nondecreasing functions.

6.4 Discontinuities of derivatives

Theorem 6.4.1 (Intermediate Value Theorem for Derivatives). Suppose f is
differentiable on an open interval I, a,b € I, and a < b. If A € R and either
f'(a) < A< f'(b) or f'(a) > X > f'(b), then there exists ¢ € (a,b) such that
f'e) =X

Proof. Suppose f'(a) < A < f'(b) and define g : I — R by g(z) = f(z) — A\x.
Then g is differentiable on I, and so continuous on [a,b]. Let ¢ be a point in
[a, b] at which g attains its minimum value. Now

g9'(a) = f'(a) = A <0, (6.4.1)

so there exists a < t < b such that

g(t) —g(a) < 0. (6.4.2)
Thus ¢ # a. Similarly,
g'(b) = f'(b) — X >0, (6.4.3)
so there exists a < s < b such that
g(s) —g(b) < 0. (6.4.4)
Thus ¢ # b. Hence ¢ € (a,b), and so ¢’(¢) = 0. Thus 0 = f'(¢) — A, and so
f(e)= A Q.E.D.

Exercise 6.4.1. Define g : (—1,1) — R by
~1, if —1<az<0,
9(z) =

1, if0<z<l.

Does there exist a function f : (=1,1) — R such that f'(z) = g(z) for all
z e (—1,1)?

Exercise 6.4.2. Suppose f is differentiable on an open interval I. Show that
f’ cannot have any simple discontinuities in 1.
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Figure 6.4.1: Graphs of y = p(z) and y = s(z)
Example 6.4.1. Define ¢ : [0,1] — R by ¢(z) = (2 — 1)(x — 1). Define
p:R— R by p(z) = 622 — 62 + 1. Then
o(r) = 22% — 32% + x,

so ¢'(z) = p(z) for all x € (0,1). Next define s : R — R by s(z) = p(z — [z]).
See Figure 6.4.1 for the graphs of ¢ and s. Then for anyn € Zand n < x < n+1,

s'(x) = p(x —n) = p(z — [z]).

Moreover, if x is an integer,

i S@R) —s(@) . elh)
h—0+ h h—0+ h
oy MR- 1)
h—0+ h
= lim (2h—1)(h—1
Jim, ( )(h=1)
=1
and
im s(z+h) —s(x) _ lim p(h+1)
h—0— h h—0-  h
. (h+1)(2h + 1)h
h—0— h
= lim (h+1)(2h +1
hgg_( +1)(2h + 1)
=1

Thus s'(x) = 1 = p(x — |«|) when z is an integer, and so s'(z) = p(x — |z]) for
all z € R.
Now p(z) = 0 if and only if z = 3—cf\/§ or xr = %. Since ¢(0) = 0,

) (3’6\6) = ﬁ, ") (3+6‘/§) = —6—\1/5, and ¢(1) = 0, we see that ¢ attains a
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Figure 6.4.2: Graphs of y = ¢(z) and y = ¢’ ()

maximum value of 6—\1/5 and a minimum value of —ﬁ. Hence for any n € Z,

s((nyn+1)) = {—6\1/36\1/5]

Also, p'(z) = 122 — 6, so p'(z) = 0 if and only if z = L. Since p(0) = 1,

p (%) = —%, and p(1) = 1, we see that p attains a maximum value of 1 and a

minimum value of —% on the interval [0, 1]. Hence for any n € Z,

S((nn+1) = {—;,1} .

It follows from the preceding, in the same manner as the result in Example
5.1.7, that neither the function o(z) = s (1) nor the function g(z) = s’ (1) has
a limit as = approaches 0.

Finally, define ¢ : R — R by

For x # 0, we have

=0 (2) (-2) () - (2) 2.

At 0, we have

S
—~
(=)
=
I
—_
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where the final limit follows from the squeeze theorem and the fact that s is
bounded. Hence we see that ¢ is continuous on R and differentiable on R, but
¢’ is not continuous since 9'(x) does not have a limit as x approaches 0. See
Figure 6.4.2 for the graphs of ¢ and v'.

Exercise 6.4.3. Let s be as above and define g : R — R by
a (1 :
s — |, ifx+#0,
9(x) = x
0, if x =0.

Show that g is differentiable on R and that ¢’ is continuous on R.

6.5 DI’Hopital’s rule

The following result is one case of I’Hépital’s rule.

Theorem 6.5.1. Suppose a,b € R, f and g are differentiable on (a, b), ¢’(x) # 0
for all z € (a,b), and

!/
S HCONY (6.5.1)
r—at g’(x)
If lim f(z) =0 and lim g(z) =0, then
G
Ili}I(TllJr m =\ (652)

Proof. Given € > 0, there exists § > 0 such that

€
At = 5.
3 < T < 3 (6.5.3)

whenever z € (a,a+¢). Now, by the Generalized Mean Value Theorem, for any
x and y with a < < y < a + 9, there exists a point ¢ € (x,y) such that

i) - @) £
i) 9@ g0 (6.5.4)

Hence
eIy - f@) £
AT e M (05
Now
i LW — f@) _ f(y)’ (6.5.6)
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and so we have

¢ _fly) €
A—e<A— - < == <A+ -<A+e 6.5.7
27 g(y) 2 (650
for any y € (a,a + ¢). Hence
T ICON (6.5.8)
z—at g .’t)
Q.E.D.

Exercise 6.5.1. Use I'Hopital’s rule to compute
. V1i+zx-—1
lim ——.
z—0t T

Exercise 6.5.2. Suppose a,b € R, f and g are differentiable on (a,b), ¢'(x) # 0
for all x € (a,b), and

o)

im

a—b- ' ()
Show that if hril— f(z) =0 and 1iI£1_ g(xz) =0, then

lim f(@) =

vt g(x)

=\

6.6 Taylor’s Theorem

6.6.1 Derivatives of higher order

Definition 6.6.1. Suppose f is differentiable on an open interval I and f’ is
differentiable at a € I. We call the derivative of [’ at a the second derivative of
f at a, which we denote f”(a).

By continued differentiation, we may define the higher order derivatives ',
f". and so on. In general, for any integer n, n > 0, we let (™ denote the nth
derivative of f, where (9 denotes f.

Exercise 6.6.1. Suppose D C R, a is an interior point of D, f : D — R, and
1" (a) exists. Show that

L )+ fa—h) ~ 27(a)
h—0 h?

= f"(a).

Find an example to illustrate that this limit may exist even if f”/(a) does not
exist.

For any open interval (a,b), where a and b are extended real numbers, we
let C(™(a,b), where n € Z*, denote the set of all functions f with the property
that each of f, f1), f* .. f(" is defined and continuous on (a, b).



96 CHAPTER 6. DERIVATIVES

6.6.2 Taylor’s Theorem

Theorem 6.6.1 (Taylor’s Theorem). Suppose f € C™(a,b) and £ is differ-
entiable on (a,b). Let a, 8 € (a,b) with a # (3, and let

P() = f(@) + S/ (@) —0) + LD —a)? 4
+ f(”;!(a) (x —a)”
- )
= ’;) (@ )k, (6.6.1)

Then there exists a point 7 between o and (3 such that

SOt ()

CES (B — )™t (6.6.2)

f(B) = P(B) +

Proof. First note that P*)(a) = f®)(a) for k =0,1,...,n. Let

f(8) — P(B)

M= eyt (6.6.3)
Then
f(B) = P(B) + M(8 —a)**'. (6.6.4)
We need to show that ( +1)( )
_ Sy
M= CESY (6.6.5)
for some v between o and (. Let
g(x) = f(z) — P(z) — M(z — o)™, (6.6.6)
Then, for kK =0,1,...,n,
g® (@) = fF(a) = PP (a) = 0. (6.6.7)

Now ¢(8) = 0, so, by Rolle’s theorem, there exists v; between « and 3 such that
g'(71) = 0. Using Rolle’s theorem again, we see that there exists yo between «
and 7 such that g’ (v2) = 0. Continuing for n + 1 steps, we find ~,, 1 between
« and 7, (and hence between a and 3) such that g("*V)(v,,1) = 0. Hence

0= 9" (yns1) = F D (ynp1) — (n + 1)IM. (6.6.8)

Letting v = 541, we have

_ ()
(n+ 1)1

as required. Q.E.D.

(6.6.9)
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We call the polynomial P in the statement of Taylor’s theorem the Taylor
polynomial of order n for f at a.

Example 6.6.1. Let f(x) = \/z. Then the 4th order Taylor polynomial for f
at 11is

P(z) = 1+%(m—1)—1(1‘—1)2

: Leo1p— 2@t

16 128

By Taylor’s theorem, for any x > 0 there exists v between 1 and x such that

105

— (z-1°=P(x
T A

Vv = P(x) +

For example,

(0.2)° = P(1.2)

)

V12 = P(1.2)+ 3 !

7
(1.2—1)° = P(1.2)+
567 25

oy
80000073

9
2

for some v with 1 < v < 1.2. Hence P(1.2) underestimates v/1.2 by a value
which is no larger than - Note that

800000 *
17527
P(1.2) = —— =1. 4
(1.2) 16000 0954375
and .
300000 = 0.00000875.

So V1.2 lies between 1.0954375 and 1.09544625.

Exercise 6.6.2. Use the 5th order Taylor polynomial for f(z) = /= at 1 to
estimate v/1.2. Is this an underestimate or an overestimate? Find an upper
bound for the largest amount by which the estimate and /1.2 differ.

Exercise 6.6.3. Find the 3rd order Taylor polynomial for f(z) = v/1+ x at 0
and use it to estimate +v/1.1. Is this an underestimate or an overestimate? Find
an upper bound for the largest amount by which the estimate and +/1.1 differ.

Exercise 6.6.4. Suppose f € C(®(a,b). Use Taylor’s theorem to show that

L et )+ fe— )~ 24(0)
h—0 h?

= f"(c)

for any ¢ € (a,b).

Exercise 6.6.5. Suppose f € C(M)(a,b), ¢ € (a,b), f'(c) =0, and f" exists on
(a,b) and is continuous at c¢. Show that f has a local maximum at ¢ if f”(c) <0
and a local minimum at ¢ if f”(¢) > 0.
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Chapter 7

Integrals

7.1 Upper and lower integrals

Definition 7.1.1. Given a closed interval [a,b] C R with a < b, we call any
finite subset of [a, b] which includes both a and b a partition of [a, b].

For convenience, whenever we consider a partition P of an interval [a, b] we
will index the elements in increasing order, starting with 0. That is, if |P| = n+1
and P = {xo,21,...,2,}, then

a=x9<x1 <X <---<xp =0 (7.1.1)

Definition 7.1.2. Suppose P = {zg,21,...,Z,} is a partition of [a,b] and
f:[a,b] — R is bounded. For i =1,2,...,n, let

m; = inf{f(z) : 21 < < a4} (7.1.2)
and
M; = sup{f(z) : 251 <z < ;). (7.1.3)
We call §
L(f,P) =" my(w; —x;1) (7.1.4)
Pt

the lower sum of f determined by P and
U(f,P) =Y M(x; —x;_1) (7.1.5)
i=1

the upper sum of f determined by P.

Definition 7.1.3. If P; and P, are both partitions of [a,b] and P; C Py, then
we call P, a refinement of P;.

99
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Definition 7.1.4. If P, and P, are both partitions of [a, ], then we call the
partition P = P, U P, the common refinement of P; and Ps.

Lemma 7.1.1. Suppose P, = {xg,21,...,2,} is a partition of [a,b], s € (a,b),
s¢ P, and f: [a,b] — Ris bounded. If P, = PyU{s}, then L(f, P1) < L(f, Ps)
and U(fa-PQ) S U(f7pl)

Proof. Suppose z;_1 < s < x; and let

wy = inf{f(z) : ;-1 <2 < s}, (7.1.6)

Wi =sup{f(z) : z;—1 <z < s}, (7.1.7)

wy =inf{f(z) : s <z <z}, (7.1.8)

Wy =sup{f(z) : s <z < u;}, (7.1.9)

m; = inf{f(z) 1 x;o1 <z <z}, (7.1.10)
and

M; =sup{f(z) : ;-1 <z < m;}. (7.1.11)

Then wy > m;, wy > m;, Wy < M;, and Wy < M;. Hence

L(f, Po) — L(f,P1) = wi(s — wi—1) + wa(x; — ) — mi(x; — xi-1)
=wy(s—xi—1) +walx; — ) —my(s —x;—1)
—m;(z; — )
= (w1 —mi)(s — xi—1) + (w2 — m;)(xi — s)
>0 (7.1.12)

and

U(f, Pl) - U(f7 PQ) = Mz(fﬂz - ﬂfi—l) - Wl(S - 501‘—1) - WQ(J% - S)
= M;(s —wi—1) + Mi(x; — s) = Wi(s — 1)

— VVQ(JJz — S)
= (Mz — Wl)(s — ‘Ti,1) + (Mz — Wg)(‘T,L — 8)
> 0. (7.1.13)
Thus L(f, P,) < L(f, Py) and U(f, Py) < U(f, Py). Q.E.D.

Proposition 7.1.2. Suppose P; and P, are partitions of [a,b], with Py a re-
finement of P;. If f : [a,b] — R is bounded, then L(f, P1) < L(f,P) and
U(fap2) S U(fapl)

Proof. The proposition follows immediately from repeated use of the previous
lemma. Q.E.D.

Proposition 7.1.3. Suppose P; and P, are partitions of [a,b]. If f : [a,b] = R
is bounded, then L(f, P1) < U(f, P»).
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Proof. The result follows immediately from the definitions if P, = P,. Other-
wise, let P be the common refinement of P; and P,. Then

L(f,P) < L(f,P) <U(f,P) <U(f, P»). (7.1.14)
Q.E.D.

Definition 7.1.5. Suppose a < b and f : [a,b] — R is bounded. We call
b
/ f =sup{L(f, P) : P is a partition of [a, b]} (7.1.15)
the lower integral of f over [a,b] and
7b
/ f=if{U(f, P): P is a partition of [a,b]} (7.1.16)

the upper integral of f over [a,b].

Note that both the lower integral and the upper integral are finite real num-
bers since the lower sums are all bounded above by any upper sum and the
upper sums are all bounded below by any lower sum.

Proposition 7.1.4. Suppose a < b and f : [a,b] — R is bounded. Then

_/abf < /;bf. (7.1.17)

Proof. Let P be a partition of [a,b]. Then for any partition @ of [a, b], we have
L(f,Q) < U(f,P). Hence U(f, P) is an upper bound for any lower sum, and so

/bf <U(f,P). (7.1.18)

But this shows that the lower integral is a lower bound for any upper sum.

Hence
_/abf < /;bf. (7.1.19)

Q.E.D.
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7.2 Integrals

Definition 7.2.1. Suppose a < b and f : [a,b] — R is bounded. We say f is

integrable on [a, b] if
b 7b
[T nax

If f is integrable, we call the common value of the upper and lower integrals the
integral of f over [a,b], denoted
b
/ f. (7.2.2)
That is, if f is integrable on [a, b],
b b 7b
/ f:/f:/f. (7.2.3)

Example 7.2.1. Define f : [0,1] — R by

1, ifz e,
f(x){o, itz ¢ Q.

For any partition P = {xg,21,...,2,}, we have

n

L(f,P)=> 0z — ;1) =0

=1

and N
U(f, P) = Z(Jﬁl - xi—l) =Ty — Ty — 1.
i=1
Thus L
[0
Jo
and

=

Example 7.2.2. Let a € R, a < b, and define f : [a,b] — R by f(z) = « for
all z € [a,b]. For any partition P = {zg, %1, ..., 2y}, we have

Hence f is not integrable on [0, 1].

n

L(f,P) = Za(mi —xi—1) = alx, —x0) = a(b—a)

i=1

and
n

U(f,P) =Y o — ;1) = a(zn — 20) = a(b — a).

i=1
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_/abf:a(b—a)

/;bfa(ba)-

Hence f is integrable on [a, b] and

/abfa(ba).

Theorem 7.2.1. Suppose a < b and f : [a,b] — R is bounded. Then f is
integrable on [a,b] if and only if for every € > 0 there exists a partition P of
[a, b] such that

Thus

and

U(f,P) — L(f,P) < . (7.2.4)

Proof. If f is integrable on [a,b] and € > 0, then we may choose partitions P;
and P, such that

/ab F—L(f,P) < % (7.2.5)
and .

U(f, P) — / f< % (7.2.6)
Let P be the common refinement of P; and P,. Then

U(f,P)*L(f,P)SU(f,PQ)*L(f,Pl)

- (U(fva)—/abf> + (/abf—L(f,Pl)>

€ €

Now suppose for every e > 0 there exists a partition P of [a,b] such that

U(f,P) — L(f,P) < . (7.2.8)

_/abf< /;bf. (7.2.9)
e:/;bf—_/abf, (7.2.10)

then for any partition P of [a,b] we have

Suppose

If

b b
U(f,P)—L(f,P)z/f—/f:e. (7.2.11)
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Since this contradicts our assumption, we must have

_/abf = /;bf. (7.2.12)

That is, f is integrable on [a, b]. Q.E.D.
Example 7.2.3. Suppose f : [0,1] — R is defined by

0, ifz# -,
flx) =

1, ifz=

N =N =

If P is a partition of [0, 1], then clearly L(f, P) = 0. Given € > 0, let

e 1 €
- =+ —-,1}
472—’_4’}

1 € 1 € €
U(f,P): (2+4) — (2—4) =§<E.
Hence U(f, P) — L(f, P) <, so f is integrable on [0, 1]. Moreover,

/Olf:o.

Exercise 7.2.1. For n € ZT, let ay,as,...,a, be points in (0,1). Define
f:00,1] = R by

Then

1, if x = a; for some 1,
flz) = {

0, otherwise.

Show that f is integrable on [0, 1] and

/Olf:().

Exercise 7.2.2. Define f: [0,1] — R by

1
—, if  is rational and = = B,

flz)=4q4q q
0, if x is irrational,

where p and ¢ are taken to be relatively prime integers with ¢ > 0, and we take
¢ =1 when 2 = 0. Show that f is integrable on [0,1] and

/Olf:o.



7.2. INTEGRALS 105

Exercise 7.2.3. Let f:[0,1] — R be defined by f(z) =z and, for n € Z™, let
P ={xg,x1,...,2,} be the partition of [0, 1] with

z;,=—,1=0,1,...,n.

K2
n )
Show that

UG, P) - LU P) = -,

and hence conclude that f is integrable on [0,1]. Show that

[

Exercise 7.2.4. Define f : [1,2] — R by

)z, ifzeqQ,
f(m)_{o, if 2 ¢ Q.

Show that f is not integrable on [1,2].

Exercise 7.2.5. Suppose f is integrable on [a, b], and, for some real number m
and M, m < f(x) < M for all « € [a,b]. Show that

b
m(b—a)g/ f<M(b-—a).

7.2.1 Notation and terminology

The definition of the integral described in this section is due to Darboux. One
may show it to be equivalent to the integral defined by Riemann. Hence func-
tions that are integrable in the sense of this discussion are referred to as Riemann
integrable functions and we call the integral the Riemann integral. This is in
distinction to the Lebesgue integral, part of a more general theory of integration.

We sometimes refer to this integral as the definite integral, as opposed to an
indefinite integral, the latter being a name given to an antiderivative (a function
whose derivative is equal to a given function).

If f is integrable on [a, b], then we will also denote

/abf (7.2.13)

/b f(z)dz. (7.2.14)
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The variable z in the latter is a “dummy” variable; we may just as well write

/b F(t)dt (7.2.15)

/b f(s)ds. (7.2.16)

For example, if f:[0,1] — R is defined by f(z) = 2?2, then

1 1 1
/f:/ xzdxz/ t2dt. (7.2.17)
0 0 0

7.3 Integrability conditions
Proposition 7.3.1. Ifa < band f : [a,b] — R is monotonic, then f is integrable
on [a, b].

Proof. Suppose f is nondecreasing. Given € > 0, let n € ZT be large enough
that

(B = f@)b-a) _ —
Fori=0,1,...,n, let ‘
r,=a+ b —na)z. (7.3.2)

Let P = {zg,21,...,2,}. Then

U(f,P) = L(f,P) =Y flax:) (@i —2im1) = »_ flaim1)(zi — zi21)
i=1 ;

> (1)~ S
= P20 (f )~ Flw) + (Fl) — Fan)) + -
+ (1) = fan2)) + () = fn))
=2050) - @)
<e (7.3.3)
Hence f is integrable on [a, b]. Q.E.D.

Example 7.3.1. Let ¢ : QN[0,1] — Z™ be a one-to-one correspondence. Define

f:[0,1] = R by .
flz) = Z 20(a)

q€eQn[o0,1]
q<z

Then f is increasing on [0, 1], and hence integrable on [0, 1].
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Proposition 7.3.2. If a < b and f : [a,b] — R is continuous, then f is inte-
grable on [a, b].

Proof. Given € > 0, let

= . 7.3.4
=y (7.3.4)
Since f is uniformly continuous on [a, b], we may choose § > 0 such that
|f(z) = fy)] <~ (7.3.5)
whenever |z —y| < §. Let P = {xzg, z1,...,z,} be a partition with
sup{|z; —x;i—1| 11 =1,2,...,n} < 4. (7.3.6)
If, fori=1,2,...,n,
m; = inf{f(z) 2,01 <z <z} (7.3.7)
and
M; =sup{f(z):z;i_1 <z < ux;}, (7.3.8)
then M; — m; < ~. Hence
U(f, P) = L(f,P) = ZMz(l’z —Ti—1) — Zmz(xl — 1)
i=1 =1
n
= (M; —my)(z; -z 1)
=1
<7 Z(xz Ti1)
i=1
=7(b—a)
=e. (7.3.9)
Thus f is integrable on [a, b]. Q.E.D.

Exercise 7.3.1. Suppose a < b, f : [a,b] — R is bounded, and ¢ € [a, b]. Show
that if f is continuous on [a, b] \ {c}, then f is integrable on [a, b].

Exercise 7.3.2. Suppose a < b and f is continuous on [a, b] with f(z) > 0 for
all x € [a,b]. Show that if
b
[ =0
a

then f(z) =0 for all € [a, b].
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Exercise 7.3.3. Suppose a < b and f is continuous on [a,b]. Fori=0,1,...,n,
n€Z7t, let
(b—a)i
n

T =a-+

and, for i =1,2,...,n, let ¢; € [x;_1,2;]. Show that

b n
f= lim b_aZf(Ci)~
@ i=1

n—oo N

In the notation of Exercise 7.3.3, we call the approximation

b b—a —
/ f= Zf(ci) (7.3.10)

n

a right-hand rule approximation if ¢; = x;, a left-hand rule approximation if
¢; = x;_1, and a midpoint rule approximation if

Tl T T

¢ == (7.3.11)

These are basic ingredients in creating numerical approximations to integrals.

7.4 Properties of integrals
Proposition 7.4.1. If f: D — R and g : D — R, then

sup{f(z) + g(z) : x € D} <sup{f(x):x € D} +sup{g(z) :x € D} (7.4.1)
and

inf{f(z) + g(z) : x € D} > inf{f(z) : ® € D} +inf{g(x) : x € D} (7.4.2)

Exercise 7.4.1. Prove the previous proposition.

Exercise 7.4.2. Find examples for which the inequalities in the previous propo-
sition are strict.

Proposition 7.4.2. Suppose f and g are both integrable on [a,b]. Then f + g
is integrable on [a, b] and

/ab<f+g)=/abf+/abg- (7.4.3)
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Proof. Given € > 0, let P; and P» be partitions of [a, b] with

U(f, 1) = L(f,P) < g (7.4.4)
and ¢
U(g,PQ) —L(g,PQ) < 5 (745)
Let P = P, U P,. By the previous proposition,
U(f+g,P)<U(f,P)+Ul(g, P) (7.4.6)
and
L(f+g,P)>L(f,P)+ L(g, P). (7.4.7)
Hence
U(f+9.P)—L(f+g,P) < U(f, P)+Uly, P)) — (L(f, P) + L(g, P))
= (U(f,P) = L(f,P)) + (U(g,P) — L(g, P))
< (U(f7 Pl) - L(f7 Pl)) + (U(g7P2) - L(g72 P))
(7.4.8)
Hence f + g is integrable on [a, b].
Moreover,
b
/ (f+9) <U(f +9,P)
<U(f,P)+Ul(g,P)
b b
(7)1
b b
Z/f+/g+e (7.4.9)
and

:/abf+/abg—e. (7.4.10)

Since € > 0 was arbitrary, it follows that

/ab(f+g)/abf+/abg. (7.4.11)

Q.E.D.
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Exercise 7.4.3. Suppose a < b and f : [a,b] — R and ¢ : [a,b] — R are both
bounded. Show that

7b 7b 7b
/(f+g)§/f+/g-
Find an example for which the inequality is strict.

Exercise 7.4.4. Find an example to show that f+ ¢ may be integrable on [a, ]
even though neither f nor g is integrable on [a, b].

Proposition 7.4.3. If f is integrable on [a,b] and « € R, then o f is integrable
on [a,b] and
b b
/ af = a/ I (7.4.12)

Exercise 7.4.5. Prove the previous proposition.

Proposition 7.4.4. Suppose a < b, f : [a,b] — R is bounded, and ¢ € (a,b).
Then f is integrable on [a,b] if and only if f is integrable on both [a,c] and
[c, b].

Proof. Suppose f is integrable on [a,b]. Given € > 0, let @ be a partition of
[a, b] such that

Let P=QU{c}, PL=PnNJa,c], and P, = PN e, b]. Then

(U(fvpl)_L(f7P1))+(U(f7P2)_L(f7P2)):(U(f7P1)+U(faP2))
7(L(fapl)+L(f’P2))

= U(f,P)—L(f,P)
< €.
(7.4.14)
Thus we must have both
U(f,P1)— L(f,P1) <e (7.4.15)
and
U(f,P) — L(f, P) <. (7.4.16)

Hence f is integrable on both [a, ¢] and [c, b].
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Now suppose f is integrable on both [a, ¢] and [¢,b]. Given € > 0, let P, and
P, be partitions of [a, ¢] and [c, b], respectively, such that

U(f,P) = L(f, P1) < % (7.4.17)
and c
U(f, Pg) —L(f,PQ) < 5 (7418)
Let P = P, U P,. Then P is a partition of [a, b] and
= (U(f, P1) = L(f, 1)) + (U(f, P2) = L(f, P»))
€ €
< § + 5
— e (7.4.19)
Thus f is integrable on [a, b]. Q.E.D.

Proposition 7.4.5. Suppose f is integrable on [a,b] and ¢ € (a,b). Then

/abf=/acf+/cbf. (7.4.20)

Proof. If P and @ are partitions of [a, c] and [c, b], respectively, then

U(f, P) +U(f,Q) = U(f, PUQ) > /ab 3 (7.4.21)
Thus ,
U(f,P) > / f-UQ), (7.4.22)
50 c T b
[i=[1=[r-ve (7.4.23)
Hence , .
vz [ 1= [ 1 (7.4.24)
50 b b b c
/Cf=/cf2/af—/af. (7.4.25)
Thus

/:f+/cbfz/abf. (7.4.26)

Similarly, if P and @ are partitions of [a, ] and [c, b], respectively, then

b
L(f,P)+ L(f,Q) = L(f,PUQ) < / [ (7.4.27)
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Thus

L(f,P) < /abf—L(f, Q), (7.4.28)
i /:f = /:f < /abf - L(f,Q). (7.4.29)
Hence ) , .
L(£,Q) < / ;- / f, (7.4.30)
i [bf=[bf§[1bf—ch. (7.4.31)
Thus 4 ’ - , ,
/Cf+/ fs/ f. (7.4.32)
Hence ) ) ’

/achr/cbf:/abf. (7.4.33)

Q.E.D.

Exercise 7.4.6. Suppose f : [a,b] — R is bounded and B is a finite subset of
(a,b). Show that if f is continuous on [a,b] \ B, then f is integrable on [a, b].

Proposition 7.4.6. If f is integrable on [a,b] with f(z) > 0 for all = € [a, b],
then

b
/ f>o. (7.4.34)

Proof. The result follows from the fact that L(f, P) > 0 for any partition P of
[a, b]. Q.E.D.

Proposition 7.4.7. Suppose f and g are both integrable on [a,b]. If, for all

v € [a,b], /() < g(x), then
b b
/fg/ g. (7.4.35)

Proof. Since g(z) — f(z) > 0 for all € [a,b], we have, using Propositions

7.4.2, 7.4.3, and 7.4.6,
b b b
[o-[i=[t6-n=0 (7.4.36)
a a a

Q.E.D.
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Proposition 7.4.8. Suppose f is integrable on [a,b], m € R, M € R, and
m < f(z) < M for all z € [a,b]. Then

b
m(b—a) < / fF<M(@b-a). (7.4.37)
Proof. It follows from the previous proposition that

m(b—a) = /abmdac < /ab f(z)dx < /ab Mdx =M —a). (7.4.38)

Q.E.D.

Exercise 7.4.7. Show that

L
IS/ dr < 2.
1 1+2a2

Exercise 7.4.8. Suppose f is continuous on [0, 1], differentiable on (0,1),
f(0) =0, and |f'(z)| <1 for all z € (0,1). Show that

1 1

Exercise 7.4.9. Suppose f is integrable on [a,b] and define F : (a,b) — R by

Show that there exists & € R such that for any z,y € (a,b) with x < y,

|[F'(y) — F(x)] < a(y — ).

Proposition 7.4.9. Suppose g is integrable on [a,b], g([a,b]) C [c¢,d], and
f i [e,d] — R is continuous. If h = f o g, then h is integrable on [a, b].

Proof. Let € > 0 be given. Let
K >sup{f(x):x € [c,d]} —inf{f(z) : x € [e,d]} (7.4.39)

and choose § > 0 so that § < € and

€

[f(z) = fly)l < 50—a) (7.4.40)

whenever |z —y| < 0. Let P = {xo, 1, ..., T} be a partition of [a,b] such that
52

Ulg. P) = L(g, P) < 5 (7.4.41)
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Fori=1,2,...,n, let

m; = inf{g(z) : ;01 <z <z}, (7.4.42)
M; =sup{g(x) : z;—1 <z < x;}, (7.4.43)
w; = inf{h(z) : zim1 <z <}, (7.4.44)
and
W; =sup{h(z) : x;-1 <z < z;}. (7.4.45)
Finally, let
I={i:i€Z1<i<n, M —m; <06} (7.4.46)
and
J={i:i€Z1<i<n,M;—m; >} (7.4.47)
Note that

52(%‘ —zi-1) < Z(Mz —m;)(zi — zi-1)

= i€J
n
< Z(Mz —m;) (T — Ti-1)
i=1
(52
— 4.4
<3k (7.4.48)
from which it follows that
> (@i—wi1) < o (7.4.49)
‘ 2K
ieJ
Then
U(h, P) = L(h, P) = > (Wi —w;)(z; — zi-1) + Y (W —w;)(w; — 2i-1)
i€l i€J
€
50 —a) Z(xl —xziq) + KZ(ZL‘Z —Zi_1)
I i€J
<48
2 2
L€
2 2
=
(7.4.50)
Thus h is integrable on [a, b]. Q.E.D.

Proposition 7.4.10. Suppose f and g are both integrable on [a,b]. Then fg
is integrable on [a, b].
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Proof. Since f and g are both integrable, both f + g and f — g are integrable.
Hence, by the previous proposition, both (f + g)? and (f — g)? are integrable.
Thus

(f+9)?=(f-9)?)=fg (7.4.51)
is integrable on [a, b]. Q.E.D.

o~ =

Proposition 7.4.11. Suppose f is integrable on [a,b]. Then |f]| is integrable

on [a,b] and \ \
= [ (7.452)

Proof. The integrability of | f| follows from the integrability of f, the continuity
of g(x) = |z|, and Proposition 7.4.9. For the inequality, note that

—[f(@)] < f(z) < [f(2)] (7.4.53)
for all « € [a,b]. Hence
b b b
[ < [in (7.4.54)
from which the result follows. Q.E.D.

Exercise 7.4.10. Either prove the following statement or show it is false by
finding a counterexample: If £ : [0,1] — R is bounded and f? is integrable on
[0,1], then f is integrable on [0, 1].

7.4.1 Extended definitions
Definition 7.4.1. If f is integrable on [a, b], then we define

/baf - /ab 7 (7.4.55)

Moreover, if f is a function defined at a point a € R, we define

/a “foo. (7.4.56)

Exercise 7.4.11. Suppose f is integrable on a closed interval containing the
points a, b, and c. Show that

/abf:/achr/cbf. (7.4.57)
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7.5 The Fundamental Theorem of Calculus

Theorem 7.5.1 (Fundamental Theorem of Calculus). Suppose f is integrable
on [a, b]. If F is continuous on [a, b] and differentiable on (a, b) with F'(z) = f(x)
for all x € (a,b), then

/bf = F(b) — F(a). (7.5.1)
Proof. Given € > 0, let P = {x¢,z1,...,2,} be a partition of [a,b] for which
U(f,P)—L(f,P) <e. (7.5.2)

Fori=1,2,...,n,let t; € (x;—1,x;) be points for which
F(z;) — F(xi—1) = f(ti) (@ — xi—1). (7.5.3)

Then

Zf(ti)(xi —2i1) = Y _(F(x;) = F(zi-1)) = F(b) — F(a). (7.5.4)

But .
L(f,P) <> f(ti)(wi —xi1) S U(f, P), (7.5.5)
i=1
SO
b
F(b) — Fla) — / fl<e (7.5.6)
Since € was arbitrary, we conclude that
b
/ f=F®) - Fla). (7.5.7)
Q.E.D.

Proposition 7.5.2 (Integration by parts). Suppose f and g are integrable
on [a,b]. If F and G are continuous on [a,b] and differentiable on (a,b) with
F'(z) = f(x) and G'(x) = g(z) for all z € (a,b), then

b b
/ F2)g(z)dz = FB)G®) — F(a)G(a) — / F@)G@)ds.  (7.5.8)
Proof. By the Fundamental Theorem of Calculus,

/ (F(z)g(z) + f(z)G(z))dz = F(b)G(b) — F(a)G(a). (7.5.9)

Q.E.D.
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7.5.1 The other Fundamental Theorem of Calculus

Proposition 7.5.3. Suppose f is integrable on [a,b] and F : [a,b] — R is
defined by

Flz) = / F(t)dt. (7.5.10)
Then F' is uniformly continuous on [a, b].

Proof. Let € > 0 be given and let M > 0 be such that |f(z)] < M for all
x € [a,b]. Then for any z,y € [a,b] with z <y and y — 2z < 7,

|F(y) — F(x)] =

/,, f(t)dt’ < M(y—z)<e. (7.5.11)

Hence F is uniformly continuous on [a, b]. Q.E.D.

The following theorem is often considered to be part of the Fundamental
Theorem of Calculus.

Theorem 7.5.4. Suppose f is integrable on [a,b] and continuous at u € (a, b).
If F: [a,b] — R is defined by

F(z) = / F(t)dt, (7.5.12)

then F is differentiable at u and F'(u) = f(u).

Proof. Let € > 0 be given and choose 6 > 0 such that |f(z) — f(u)| < €
whenever |z —u| < §. Then if 0 < h < §, we have

F(u+h) — F(u)
h

— f(u)

< €. (7.5.13)
If —6 < h <0, then

F(u+h)— F(u) ~ Fu)

<e (7.5.14)
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Hence

F'(u) = lim = f(u). (7.5.15)

Q.E.D.

Proposition 7.5.5. If a« < b and f is continuous on [a, b], then there exists a
function F : [a,b] — R which is continuous on [a,b] with F'(z) = f(x) for all
z € (a,b).
Proof. Let

F(z) = / F(t)dt. (7.5.16)

Q.E.D.

Example 7.5.1. If

g(a;):/omx/l—l—t‘1 dt,

then ¢'(z) = V1 + x*.

Proposition 7.5.6 (Integration by substitution). Suppose I is an open interval,
¢v:I—=R,a<b,|a,b] CI,and ¢ is continuous on [a,b]. If f: ¢([a,b]) — R is
continuous, then

»(b) b
[ s = [ so@)e ). (7.5.17)
v(a) a

Proof. If m and M are the minimum and maximum values, respectively, of ¢
on [a, b], then ¢([a,b]) = [m, M]. If m = M, then ¢(z) = m for all x € [a, b], and
both sides of (7.5.17) are 0. So we may assume m < M. Let F be a function
which is continuous on [m, M| with F'(u) = f(u) for every u € (m,M). Let
g = F op. Then

g'(x) = F'(p(x))¢' (z) = fo(2)¢ (x). (7.5.18)

So if ¢(a) < ¢(b),

b
/ F((@)¢ (@)dz = g(b) - g(a)
= F(p(b)) — F(¢(a))

©(b)
= / f(u)du. (7.5.19)
v(a)
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If p(a) > ¢(b), then

v(a)
—— [ ftudu
»(b)
@(b)
= f(u)du. (7.5.20)
»(a)
Q.E.D.
Exercise 7.5.1. Evaluate )
/ uvu+ 1 du
0

using (a) integration by parts and (b) substitution.

Exercise 7.5.2. Suppose ¢ : R — R is differentiable on R and periodic with
period 1 (that is, p(z+1) = ¢(z) for every x € R). Show that for any continuous
function f: R — R,

1
/0 F((@))g! (2)dz = 0.

Theorem 7.5.7 (Integral Mean Value Theorem). If f is continuous on [a, b],
then there exists ¢ € [a, b] such that

b
/ F= FO)b—a). (7.5.21)

Exercise 7.5.3. Prove the Integral Mean Value Theorem.

Theorem 7.5.8 (Generalized Integral Mean Value Theorem). If f and g are
continuous on [a,b] and g(z) > 0 for all z € [a,b], then there exists ¢ € [a,]]

such that
b b
[ =10 [ s (7.5.22)

Exercise 7.5.4. Prove the Generalized Integral Mean Value Theorem.
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7.6 Taylor’s theorem revisited

The following is a version of Taylor’s Theorem with an alternative form of the
remainder term.

Theorem 7.6.1 (Taylor’s Theorem). Suppose f € C"*Y(a,b), a € (a,b), and

LN
P, (z) = Z ! k'( )(x —a). (7.6.1)
k=0
Then, for any z € (a,b),
ST
f(z) = Py(x) —|—/a T(m — t)"dt. (7.6.2)
Proof. By the Fundamental Theorem of Calculus, we have
| 1= s - (@), (763
which implies that .
f(z) = f(a) Jr/ f(t)dt. (7.6.4)
Hence the theorem holds for n = 0. Suppose the result holds for n = k — 1, that
is,
« (k)
f(x) = Pei(a) + /a (JI; _(3! (x —t)Ftdt. (7.6.5)
Let
F(t) = fR 1), (7.6.6)
- ($ _ t)k‘—l
g(t) = N (7.6.7)
and ( -
T —
G(t) = T (7.6.8)
Then
x (k) T
/a (J; _(8! (2w — 1) 1dt = /a F()g(t)dt
— F(2)G(z) — F()G(a) - / " PGt
= W + /w %(b@ —t)kdt. (7.6.9)
Hence

@ f(k+1)
f(:v):Pk(x)Jr/ w(xft)kdt, (7.6.10)

and so the theorem holds for n = k. Q.E.D.
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Exercise 7.6.1 (Cauchy form of the remainder). Under the conditions of Tay-
lor’s Theorem as just stated, show that

x f(n+1) t . f(n+1) o N
/ T()(Ift) dt = T()(xf’y) (r — ) (7.6.11)
for some 7 between « and x.

Exercise 7.6.2 (Lagrange form of the remainder). Under the conditions of
Taylor’s Theorem as just stated, show that

T f<n+1)<t) —_— f(”+1)('7) .
/a T = S ) + (7.6.12)

for some v between « and x. Note that this is the form of the remainder in
Theorem 6.6.1, although under slightly more restrictive assumptions.

7.7 An improper integral

Definition 7.7.1. If f is integrable on [a, b] for all b > a and

b
li d 7.7.1
Jin [ f@s (7.7.)
exists, then we define
“+o00 b
/ f(z)dx = , lir+n / f(z)dz. (7.7.2)
If f is integrable on [a,b] for all a < b and
b
lim f(z)dz (7.7.3)
exists, then we define
b b
/ f(x)dz = lim f(x)dz. (7.7.4)
—00 a—==00 Jq

Both of these integrals are examples of improper integrals.

Proposition 7.7.1. Suppose f is continuous on [a,00) and f(z) > 0 for all
x > a. If there exists g : [a, +00) — R for which

+oo
/ g(x)dz (7.7.5)
exists and g(x) > f(z) for all x > a, then
+oo
/ f(@)dx (7.7.6)

exists.
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Exercise 7.7.1. Prove the preceding proposition.

Example 7.7.1. Suppose

1
f(x)_1+x2
and
1, ifo<az<l,
gl@)=91 |
—, fz>1
x

Then, for b > 1,

de= [ d —dr=141--=2——
/Ogu)x / w+/1 dr=1t1-g=2-

+o0 1
/ g(x)dx = lim (2 - ) =2.
0 b—o0 b

Since 0 < f(x) < g(z) for all x > 0, it follows that

“+o0
1
|
o 1+22

+oo 1
/ L2
o 1422

Also, the substitution © = —xz shows that

0 0 +o00
1 1 1
oo L+ oo Lt u 0 1+u

SO

exists, and, moreover,



Chapter 8

More Functions

8.1 The arctangent function

Definition 8.1.1. For any x € R, we call

v
arctan(x) :/0 oz dt (8.1.1)

the arctangent of x.

Proposition 8.1.1. The arctangent function is differentiable at every z € R.
Moreover, if f(z) = arctan(z), then

1

") = ——. 1.2
7@ =1 (512
Proof. The result follows immediately from Theorem 7.5.4. Q.E.D.
Proposition 8.1.2. The arctangent is increasing on R.

Proof. The result follows immediately from the previous proposition and the
fact that

1
—— >0 8.1.3
52 (8.1.3)
for every =z € R. Q.E.D.
+oo 1
Definition 8.1.2. 7 =2 lim arctan(z) = 2/ — dt.
z—+00 0 14+¢2

Note that 0 < 7 < 4 by Example 7.7.1.
The following proposition says that the arctangent function is an odd func-
tion.

Proposition 8.1.3. For any = € R, arctan(xz) = — arctan(—=z).

123



124 CHAPTER 8. MORE FUNCTIONS

Proof. Using the substitution ¢ = —u, we have

o 1
t = — dt = — —— du = —arctan(—x). 8.1.4
arctan(z) /0 T /0 T2 M arctan(—zx) ( )

Q.E.D.
It now follows that
lim arctan(z) = — lim arctan(—xz) = —g. (8.1.5)
Hence the range of the arctangent function is (—g, g)
Proposition 8.1.4. If z > 0, then
1 s
arctan(z) + arctan | — | = 3 (8.1.6)
x
Proof. Using the substitution t = %, we have
1 Tl
arctan [ — | = / — dt
X 0 1 + t2
r 1 1
[ iy )
Goo 1+ 22 U
* 1
Y
oo L+ u
“+oo
1
= —d
/x 1+uz
T o1
=—— —d
2 /0 1+u ™
= g — arctan(x). (8.1.7)
Q.E.D.
Proposition 8.1.5. If z < 0, then
1 T
arctan(z) 4+ arctan | — | = —3- (8.1.8)
T

Proof. The result follows immediately from the preceding proposition and the
fact that arctangent is an odd function. Q.E.D.

Exercise 8.1.1. Show that arctan(1) = § and arctan(—1) = —

IS
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8.2 The tangent function

Let
A:{g—i—nﬂ:nGZ} (8.2.1)
and D =R\ A. Let
T
£ (—f, f) R 8.2.2
be the inverse of the arctangent function. Note that ¢ is increasing and differ-
entiable on (—g, g) We may extend t to a function on D as follows: For any
r €D, let
g(x) = sup {n :n € Z, —g +nr < x} (8.2.3)

and define T'(z) = t(x — g(z)7).

Definition 8.2.1. With the notation of the above discussion, for any =z € D,
we call the value T'(x) the tangent of x, which we denote tan(x).

Proposition 8.2.1. The tangent function has domain D (as defined above),
range R, and is differentiable at every point x € D. Moreover, the tangent
function is increasing on each interval of the form

(—g + o, g + mr) , (8.2.4)
n € Z, with
tan ((g + mr) —|—) = —00 (8.2.5)
and
tan <(g + TLT(') —) = +o00. (8.2.6)
Proof. These results follow immediately from our definitions. Q.E.D.

Definition 8.2.2. Let £ C R. We say a function f : E — R is periodic if
there exists a real number p > 0 such that, for each z € F, z +p € FE and
flx+p) = f(x). We say p is the period of a periodic function f if p is the
smallest positive number for which f(z + p) = f(z) for all z € E.

Proposition 8.2.2. The tangent function has period 7.
Proof. The result follows immediately from our definitions. Q.E.D.

Proposition 8.2.3 (Addition formula for tangent). For any x,y € D with
r+yeD,
tan(z) + tan(y)

tan(z +y) = 1 —tan(z) tan(y)

(8.2.7)
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Proof. Suppose y1,y2 € (—g, g) with y; + yo € (—% %) Let x; = tan(y1)
and z2 = tan(yz). Note that if 1 > 0, then z1z2 > 1 would imply that

1
> — 8.2.8
T2 = .T17 ( )

which in turn implies that

y1 + yo = arctan(xy) + arctan(zs)

Y

1
arctan(z1) + arctan | —
Z1

™
= — 8.2.9
27 ( )

contrary to our assumptions. Similarly, if 1 < 0, then xz12zo > 1 would imply

that )
To < —, (8.2.10)
Mo

which in turn implies that
Y1 + y2 = arctan(z) + arctan(xs)

1
< arctan(zy) + arctan <>
T

T
= ——, 8.2.11
. (8.2.11)
contrary to our assumptions. Thus we must have ;2o < 1. Moreover, suppose
u is a number between —xz1 and x5. If 21 > 0, then

1
To < —, (8.2.12)
T
and so )
< —. 8.2.13
<o (5:2.13)
If 1 <0, then
1
To > —, (8.2.14)
T
and so )
—. 8.2.15
u > o ( )
Now let n
T ZT9
= == 7= 8.2.16
1— T1X9 ( )

We want to show that

arctan(z) = arctan(x) + arctan(zz), (8.2.17)
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which will imply that

tan(y1) + tan(y2)
1 — tan(y;) tan(yso

) = tan(y1 + yg). (8218)

We need to compute

@1 fao

l—xzyx 1
arctan(z) = arctan T :/ Q—F (8.2.19)
1—z122 0 1+¢2
Let n
it u

t= = , 8.2.20
plu) = T (5.2.20)

where u varies between —xq, where t = 0, and x5, where t = z. Now

, (1 —21u) — (21 +u)(—21) 1+ af

= = 8.2.21
¢ (u) Ty Tt (8.2.21)

which is always positive, thus showing that ¢ is an increasing function, and

1 1

1+t r1t+u 2
1 -
+ (1 - mlu)
(1 — zqu)?
(1 —z1u)? + (21 + u)?
(1 — 2qu)?
= —— 8.2.22
(14 22)(1 +u?) ( )

Hence

) 1
arctan(x) :/ —— du
oy L4 u?

0 1 To 1
—d —d
/_m11+u2 “+/o R

e
= _/0 oo du + arctan(zz)

= —arctan(—x1) + arctan(zz)
= arctan(z;) + arctan(zs). (8.2.23)

s

Now suppose y1,y2 € (—%,g) with y1 +y2 > 5. Then y1 +y2 € (%,w),
x1 >0, o > 0, and

1
Tog > —. (8.2.24)
T

With u and x as above, note then that as u increases from —z; to 11 , t increases

x

from 0 to +o00, and as u increases from i to o, t increases from —oo to x.
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Hence we have

t —— dt —— dt
arctan(z | /_001+t2 +/0 112
+o00
1
/ cr [ e
1+ ire o 1+t2
1
=21
——d
/ 1+ Trw gy L u? B
/ 14 u2
ctan(arg) — arctan(—x1)
= arctan(zs) + arctan(zy). (8.2.25)
Hence

tan(y; + y2) = tan(y; + y2 — )
= tan(arctan(x))
1+ o
1—z1202
_ tan(y1) + tan(yz)
1 —tan(yy) tan(ys)’

(8.2.26)

The case when z; < 0 may be handled similarly; it then follows that the
addition formula holds for all 1,y € ( R 2) The case for arbitrary y1,ys € D
with y; + y2 € D then follows from the periodicity of the tangent function.

Q.E.D.
8.3 The sine and cosine Functions
We begin by defining functions
mw T
s (—5,5] ~R (8.3.1)
and -
¢ (—5,5} ~R (8.3.2)
by
tan(z) S
—, ifre (—-3.3)
s(x) = 1+ tan®(x) - (8.3.3)
1, ife=—
and )
mw T
— ifae(—=,2),
c(x) = { V1+tan®(z) gr : 2) (8.3.4)
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Note that
. Y . 1
lim s(zr) = lim = = lim
Ly = e e T T
and
1 1
lim ¢(z)= lim —— = lim Y
T—5 (@) yotoo 14 y2 vyt 1o L

which shows that both s and ¢ are continuous functions.
Next, we extend the definitions of s and ¢ to functions

m 3T
s:(-33]-®
and 3
m 3w
¢:(-33] R
by defining
S() s(x), ifx e —g,%},
xT) =
—s(x—m), ifze g,%’r]
and
o) c(x), ifxe fg,g},
xTr) =
—clx—m), ifze g%ﬂ}
Note that
. - . _ T L:_ .
S, Se) = i —s@) == e s =L
and
1
lim C(z)= — =— lim ——=- 1
i O =l —le) == i g =l -

129
(8.3.5)

(8.3.6)

(8.3.7)

(8.3.8)

(8.3.9)

(8.3.10)

= 0’
1+
(8.3.12)

which shows that both S and C are continuous at 5. Thus both S and C' are

continuous.
Finally, for any = € R, let

g(a:)zsup{n:nEZ,—g+2mr<a:}

and define
sin(z) = S(z — 2mg(z))

and
cos(z) = C(z — 2mg(x)).

(8.3.13)

(8.3.14)

(8.3.15)
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Definition 8.3.1. With the notation as above, for any x € R, we call sin(x)
and cos(z) the sine and cosine of x, respectively.

Proposition 8.3.1. The sine and cosine functions are continuous on R.

Proof. From the definitions, it is sufficient to verify continuity at 37” Now

. . . 3m T
rllg;* sin(x) = r—lflglg* S(x)=2S5 <2> = -5 (5) =-1 (8.3.16)
and
ml}r%r}r+ sin(x) = 13_1}131177r+ S(z — 2m)
= wl1£n£+ s(x)
= lim Y
Yy——00 1 + yQ
1
= lim
=1, (8.3.17)
and so sine is continuous at 2. Similarly,
. . 3m 7r
hgn cos(z) = llgl Cz)=C 5 )= (§> =0 (8.3.18)
T— 5t T— g
and
x£$+ cos(z) = I_l}g+ C(z —2m)
= 1
x—Eng+ c(x)
= lm ——
y——o00 /1 + y2
1
= lim —2%—
y==eo 14 y%
=0, (8.3.19)
and so cosine is continuous at 37“ Q.E.D.

8.3.1 Properties of sine and cosine
Proposition 8.3.2. The sine and cosine functions are periodic with period 2.

Proof. The result follows immediately from the definitions. Q.E.D.
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Proposition 8.3.3. For any = € R, sin(—z) = —sin(z) and cos(—x) = cos(x).
Proof. The result follows immediately from the definitions. Q.E.D.
Proposition 8.3.4. For any x € R, sin?(z) + cos?(x) = 1.

Proof. The result follows immediately from the definition of s and ¢. Q.E.D.
Proposition 8.3.5. The range of both the sine and cosine functions is [—1,1].

Proof. The result follows immediately from the definitions along with the facts

that
V1+y2 > \y? =y (8.3.20)

and
Vit >1 (8.3.21)
for any y € R. Q.E.D.

Proposition 8.3.6. For any x in the domain of the tangent function,

tan(z) = S2E). (8.3.22)
cos(x)
Proof. The result follows immediately from the definitions. Q.E.D.
Proposition 8.3.7. For any x in the domain of the tangent function,
sin?(z) = _tan(z) (8.3.23)
1+ tan?(z) o
and
cos?(z) = ; (8.3.24)
1+ tan?(x)
Proof. The result follows immediately from the definitions. Q.E.D.
Proposition 8.3.8. For any =,y € R,
cos(x + y) = cos(z) cos(y) — sin(z) sin(y). (8.3.25)

Proof. First suppose x, y, and x +y are in the domain of the tangent function.
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Then

1

1+ tan?(x + y)
1

tan(z) + tan(y) \’

T (1 — tan(z) tan(y))
(1 — tan(z) tan(y))?
(1 — tan(z) tan(y))? + (tan(z) + tan(y))>?
(1 — tan(z) tan(y))?

(1 + tan(@)(1 + tan’(3)

cos?(x +y) =

_ 1 3 tan(z) tan(y) ’
V1 +tan?(z)y/1+tan?(y) /1 + tan?(x)+/1 + tan?(y)
= (cos(z) cos(y) — sin(z) sin(y))%.

Hence
cos(x + y) = (cos(x) cos(y) — sin(x) sin(y)). (8.3.26)

Consider a fixed value of x. Note that the positive sign must be chosen when
y = 0. Moreover, increasing y by m changes the sign on both sides, so the
positive sign must be chosen when y is any multiple of 7. Since sine and cosine
are continuous functions,the choice of sign could change only at points at which
both sides are 0, but these points are separated by a distance of 7, so we must
always choose the positive sign. Hence we have

cos(x + y) = cos(x) cos(y) — sin(z) sin(y) (8.3.27)

for all x,y € R for which z, y, and = + y are in the domain of the tangent
function. The identity for the other values of x and y now follows from the
continuity of the sine and cosine functions. Q.E.D.

Proposition 8.3.9. For any =,y € R,

sin(x + y) = sin(z) cos(y) + sin(y) cos(z). (8.3.28)

Exercise 8.3.1. Prove the previous proposition.

Exercise 8.3.2. Show that for any x € R,

sin (g - x) = cos(z) (8.3.29)

and
cos (g - x) = sin(x). (8.3.30)
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Exercise 8.3.3. Show that for any = € R,
sin(2x) = 2sin(z) cos(x) (8.3.31)
and
cos(2x) = cos?(z) — sin’(x). (8.3.32)
Exercise 8.3.4. Show that for any = € R,
1-— 2
sin?(z) = y (8.3.33)
and ) 5
cos?(x) = H%(x). (8.3.34)
Exercise 8.3.5. Show that
. (T U 1
sin (Z) = CoS (Z) A (8.3.35)
sin (Z) = cos (I> -1 (8.3.36)
6/ 3/ 2 o
and /3
. (T ™ 3
sin (g) = cos (8) =5 (8.3.37)
8.3.2 The calculus of the trigonometric functions
Proposition 8.3.10. lin%) M =1
Proof. Using I'Hopital’s rule,
1
2
lim 2O00() ) Ta? g (8.3.38)
z—0 X z—0 1
Q.E.D.
oy . tan(z)
Proposition 8.3.11. hrrb —=1.
T— x
Proof. Letting x = arctan(u), we have
t
lim 200 My (8.3.39)
0 T u—0 arctan(u)
Q.E.D.
sin(z)

Proposition 8.3.12. lim

z—0

=1
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Proof. We have

i t
lim S2E) _ gy 880@) oy 21, (8.3.40)
z—0 T r—0 T
Q.E.D.
Proposition 8.3.13. lirrlow =0.
Proof. We have
lim 1 — cos(x) — lim 1 — cos(z) 1 + cos(x)
&—0 x z—0 x 1+ cos(z)
_ eos?
— lim 1 — cos?(x)
-0 z(1 + cos(x))
— lim sin(x) sin(x)
z—0 x 1+ cos(z)
= (1)(0)
= 0. (8.3.41)
Q.E.D.
Proposition 8.3.14. If f(z) = sin(x), then f'(z) = cos(x).
Proof. We have
ron sin(z + h) — sin(x)
fiw) = Jim, h
. sin(z) cos(h) + sin(h) cos(z) — sin(x)
= lim
h—0 h
B . cos(h)—1 . sin(h)
= sin(x) %11% — + cos(x) }1111% —
= cos(z) (8.3.42)
Q.E.D.
Proposition 8.3.15. If f(x) = cos(x), then f'(z) = —sin(z).
Exercise 8.3.6. Prove the previous proposition.
Definition 8.3.2. For appropriate x € R, we call
CoS &
= . .4
cot(x) Sn(z)’ (8.3.43)
1
sec(x) = (8.3.44)

cos(z)’
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and 1
= — . .4
csc(x) Sn(z) (8.3.45)
the cotangent, secant, and cosecant of x, respectively.
Exercise 8.3.7. If f(x) = tan(x) and g(x) = cot(z), show that
f!(z) = sec*(x) (8.3.46)
and
g (z) = —csc? (). (8.3.47)
Exercise 8.3.8. If f(z) = sec(x) and g(x) = csc(z), show that
f'(x) = sec(x) tan(z), (8.3.48)
and
g'(z) = — csc(z) cot(z). (8.3.49)

1
Proposition 8.3.16. 2/ V1 —a22dr =m.
—1

Proof. Let x = sin(u). Then as u varies from —F to 5, x varies from —1 to 1.
And, for these values, we have

V1 — 22 =1/1—sin*(u) = \/cos?(u) = | cos(u)| = cos(u). (8.3.50)

Hence

_/72r 1+ cos(2u)
- . 5
71 1 12
= = - 2
/_72r2 du—|—2/_gcos( u)d
— T4 Z(sin(r) — sin())
=5 T 76 sin(—m
7r
= —. 8.3.51
Q.E.D.

Exercise 8.3.9. Find the Taylor polynomial Py of order 9 for f(x) = sin(x) at
0. Note that this is equal to the Taylor polynomial of order 10 for f at 0. Is
Py (1) an overestimate or an underestimate for sin (2)? Find an upper bound
for the error in this approximation.
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8.4 The logarithm function

Definition 8.4.1. Given a positive real number z, we call

log(z) = /fi dt (8.4.1)

the logarithm of x.

Note that log(1l) = 0, log(z) < 0 when 0 < = < 1, and log(z) > 0 when
x> 1.

Proposition 8.4.1. The function f(x) = log(z) is an increasing, differentiable
function with

1
f(z) = = (8.4.2)
for all z > 0.
Proof. Using the Fundamental Theorem of Calculus, we have
1
fl(z) = p >0 (8.4.3)
for all x > 0, from which the result follows. Q.E.D.
Proposition 8.4.2. For any x > 0,
1
log (x> = —log(x). (8.4.4)
Proof. Using the substitution ¢ = %, we have
1
1 = 1 r 1 1
log (a:) :/1 n dt :/1 u <_u?> du = —/1 " du = —log(z). (8.4.5)
Q.E.D.

Proposition 8.4.3. For any positive real numbers x and v,

log(zy) = log(z) + log(y). (8.4.6)

Proof. Using the substitution ¢t = zu, we have

log(xy) :/ 7 dt
1

Y

z ]
— [ dut log(y)
1 u

= —log (i) + log(y)
= log(x) + log(y). (8.4.7)
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Q.E.D.

Proposition 8.4.4. If r € Q and z is a positive real number, then
log(z") = rlog(x). (8.4.8)

Proof. Using the substitution ¢t = u”, we have

" 1 T r—1 zq
log(z") = / : dt = / ™ — du = 7“/ — du = rlog(x). (8.4.9)
1 1 1 u

u

Q.E.D.

Proposition 8.4.5. lir4r_1 log(z) = +o0 and lim+ log(z) = —o0.
T—+00 z—0

Proof. Given a real number M, choose an integer n for which nlog(2) > M
(there exists such an n since log(2) > 0). Then for any x > 2", we have

log(z) > log(2") = nlog(2) > M. (8.4.10)

Hence liIE log(z) = +o0.
r—T00
Similarly, given any real number M, we may choose an integer n for which

—nlog(2) < M. Then for any 0 < z < 5, we have

log(z) < log (;n) = —nlog(2) < M. (8.4.11)

Hence lim log(x) = —oo0. Q.E.D.

r—0

Note that the logarithm function has domain (0, +00) and range (—oo, +00).

Exercise 8.4.1. Show that for any rational number o > 0,

lim z% = +oo.
r——+00

Proposition 8.4.6. For any rational number a > 0,

lim log(z)
r—+oco %

=0. (8.4.12)
Proof. Choose a rational number 3 such that 0 < 8 < a. Now for any ¢t > 1,
1 1
<t = —. (8.4.13)
t t

Hence

1 Tl - s
log () :/1 - dt</1 o dt = T < (8.4.14)
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whenever z > 1. Thus

0< s Faap (8.4.15)
for x > 1. But
Jim ﬁxi*ﬁ =0, (8.4.16)
SO
lim biix) ~0. (8.4.17)
Q.E.D.

Exercise 8.4.2. Show that

lim z%log(z) =0

z—0t

for any rational number o > 0.

8.5 The exponential function

Definition 8.5.1. We call the inverse of the logarithm function the exponential
function. We denote the value of the exponential function at a real number x

by exp(z).

Proposition 8.5.1. The exponential function has domain R and range (0, +00).
Moreover, the exponential function is increasing and differentiable on R. If

f(x) = exp(z), then f'(z) = exp(z).

Proof. Only the final statement of the proposition requires proof. If we let
g(x) = log(x), then

() = m = exp(z). (8.5.1)
Q.E.D.
Proposition 8.5.2. For any real numbers x and y,
exp(z + y) = exp(z) exp(y). (8.5.2)
Proof. The result follows from
log(exp(z) exp(y)) = log(exp(z)) + log(exp(y)) = = + y. (8.5.3)

Q.E.D.
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Proposition 8.5.3. For any real number x,
1
exp(—x) = op@)’ (8.5.4)
Proof. The result follows from
log (expl(x)> = —log(exp(z)) = —=z. (8.5.5)
Q.E.D.
Exercise 8.5.1. Use Taylor’s theorem to show that
exp(l) =e = i l' (8.5.6)
= n!
Proposition 8.5.4. For any rational number «,
exp(a) = e. (8.5.7)
Proof. Since log(e) = 1, we have
log(e®) = alog(e) = a. (8.5.8)
Q.E.D.
Definition 8.5.2. If « is an irrational number, we define
e“ = exp(a). (8.5.9)
Note that for any real numbers x and vy,
etV = eTe (8.5.10)
and )
e ¥ = = (8.5.11)
Moreover, log(e*) = x and, if z > 0, €!°8(®) = g,
Definition 8.5.3. If z and a are real numbers with a > 0, we define
a® = e 1o8(a), (8.5.12)

Exercise 8.5.2. Define f : (0,400) — R by f(z) = 2%, where a € R, a # 0.

Show that f'(z) = az® .
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Exercise 8.5.3. Suppose a is a positive real number and f : R — R is defined
by f(z) = a®. Show that f'(z) = a” log(a).

Proposition 8.5.5. For any real number o > 0,

lirf %" =0. (8.5.13)
Proof. We know that
1
m 080 _ (8.5.14)
y—too  ya
Hence
1 [e%
lim 40BWDT (8.5.15)
y——+o00 y
Letting y = €”, we have
x(){
lim — =0. (8.5.16)
r—+4o0 e¥
Q.E.D.
Proposition 8.5.6. For any real number «,
Tim (1 + 9)00 — (8.5.17)
Tr——+00 €T
Proof. First note that, letting x = %,
lim (1 + 3) = lim (1+ah)® = lim e los(+ah), (8.5.18)
T—+00 x h—0+ h—0t
Using ’Hopital’s rule, we have
. log(14ah) . a
oy SR iy g G5

and the result follows from the continuity of the exponential function. Q.E.D.

Definition 8.5.4. We define the hyperbolic sine and hyperbolic cosine functions
by
sinh(z) = (8.5.20)

and

cosh(z) = ———, (8.5.21)

respectively.
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Exercise 8.5.4. Show that for any real numbers x and v,
sinh(z + y) = sinh(z) cosh(y) + sinh(y) cosh(x) (8.5.22)

and
cosh(z + y) = cosh(z) cosh(y) + sinh(z) sinh(y). (8.5.23)

Exercise 8.5.5. Show that for any real number z,
cosh?(z) — sinh?(z) = 1. (8.5.24)
Exercise 8.5.6. If f(z) = sinh(z) and g(z) = cosh(x), show that
f'(x) = cosh(z) (8.5.25)

and
g'(z) = sinh(z). (8.5.26)
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Cosine function, 130 range, 3
Cotangent function, 135 Fundamental Theorem of Calculus, 116,
Countable, 41 117
Derivative, 82 Greatest lower bound, 8, 19
higher order, 95
intermediate value theorem, 91 Heine-Borel Theorem, 57
second, 95 Hyperbolic cosine, 140
Differentiable, 81 Hyperbolic sine function, 140
on an interval, 87
Differential, 81 Infimum, 8, 19
Discontinuity, 70 Infinite, 42
simple, 72 Infinite series, 32
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comparison test, 33
diverge, 32
limit comparison test, 37
partial sum, 32
sum, 32
Integers, 1
Integrable, 102
Riemann, 105
Integral, 102
Darboux, 105
definite, 105
extended definitions, 115
improper, 121
indefinite, 105
Lebesgue, 105
left-hand rule, 108
lower, 101
midpoint rule, 108
Riemann, 105
right-hand rule, 108
upper, 101
Integral Mean Value Theorem, 119
generalized, 119
Integration by parts, 116
Integration by substitution, 118
Interior, 49
Interior point, 49
Intermediate Value Theorem, 75
Interval, 47
closed, 47
open, 47
Isolated point, 49

I’'Hopital’s rule, 94

Least upper bound, 8, 19

Limit, 10, 21, 59
diverges to 400, 69
diverges to —oo, 69
from the left, 59
from the right, 59
subsequential, 30
to 400, 69
to —oo, 69

Limit inferior, 23

Limit point, 49

Limit superior, 23
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Linear function, 81
Lipschitz function, 74
Local maximum, 88
Local minimum, 88
Logarithm function, 136
Lower bound, 8, 19
Lower sum, 99

Mean Value Theorem, 89
generalized, 89

Monotonic function, 67
strictly, 67

One-to-one correspondence, 41
Open cover, 54
finite subcover, 54
subcover, 54
Open set, 48

Partition, 3, 99
common refinement, 100
refinement, 99
Periodic function, 125
Polynomial, 63
Power set, 43
Product rule, 84

Quotient rule, 84

Rational function, 63
Rational numbers, 4
Real numbers, 12
binary representation, 39
distance, 17
extended, 22
negative, 16
positive, 16
Relation, 2
equivalence, 3
equivalence class, 3
Rolle’s Theorem, 88
Root, 75

Sawtooth function, 66

Secant function, 135

Sequence, 10
bounded, 21
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Cauchy, 10, 25
converge, 10, 21
decreasing, 21
diverge, 21, 22
increasing, 21
limit, 10, 21
nondecreasing, 21
nonincreasing, 21
subsequence, 30
Set, 1
Sine function, 130
Square root, 26
Squeeze theorem, 24, 64
Supremum, 8, 19

Tangent function, 125
addition formula, 125

Taylor polynomial, 97

Taylor’s Theorem, 96, 120
Cauchy form, 121
Lagrange form, 121

Topology, 49

Triangle inequality, 7

Uniform continuity, 77
Upper bound, 8, 19
Upper sum, 99
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